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ABSTRACT
The flow of an electrically charged fluid through a channel with asymmetric wall distortions
and a cross-channel pressure interaction in the presence of a constant, transverse magnetic field
is considered. It is shown that the basic nature of the hydrodynamic interaction is retained on a
shorter stream-wise length scale, with gradually increasing magnetic field strength. An algebraic
relation between the magnetic field strength and the Reynolds number is obtained. A new flow
structure is obtained as the magnetic field strength becomes sufficiently large, where the stream-
wise length of the cross-channel pressure interaction is proportional to the channel width. Linear
and non-linear solutions along with linear free interactions are used to examine the structural
properties.
1CHAPTER 1. INTRODUCTION
1.1 Channel flow
Channel flow is the branch of fluid dynamics which deals with flow through containments like
channels and pipes. There are two types of channel flows: open channel flow is the type of fluid flow
through conduits with a free surface, while closed channel flow has no free surface. This work is
about closed channel flows which have extensive applications in industrial, engineering, biological,
and environmental fields.
In this work, the focus is on medium to high Reynolds numbers where asymptotic methods are
used to provide insights. Substantial amount of research has been done in the area of asymptotic
analysis of channel flows with wall disturbances in the form of constrictions, dilations and corners
in both symmetric and asymmetric senses. The presence of a wall distortion in the form of dilation
or constriction affects the fluid flow in a channel or pipe remarkably, particularly in the region very
close to the distortion. The oncoming Poiseuille flow in a straight channel has been observed to
undergo nonlinear changes in the neighborhood of the distortion for large Reynolds number. The
methodology used to study the effect of wall disturbances on the flow is to examine the flow response
for gradually increasing size of the disturbance. Eventually the critical size of the disturbance is
determined when a non-linear response with unknown pressure is registered for the first time. Non-
linear responses are usually associated with flow separations. For external flows, the triple-deck
structure is known to be the most critical size as shown by Smith in [25, 26, 27]. For internal flow, he
[16] showed that even a shallow indentation can cause big changes in the local pressure and lead to
flow separation. He found a relation between the angle of inclination of the distortion and Reynolds
number for such flow separation ahead of the indentation, for both symmetric as well as asymmetric
channel and pipe. As the size is gradually increased, a separation is observed in the upstream zone
which is pushed further upstream with increasing size as shown by Smith in [19, 26, 27]. This
2breakaway separation is then followed by a long re-circulation zone leading to re-attachment of
the separation streamline. In the downstream another separation occurs, as demonstrated by Lee
and Fung [8], which is also followed by a long re-circulation zone that stretches till the final re-
attachment. The length of the downstream separation zone is found to be directly proportional to
the Reynolds number [26, 27]. On the other hand, the length of the upstream separation zone is
found to increase slowly, like natural logarithm of the Reynolds number in symmetric channels [19]
and one-seventh power of the Reynolds number in asymmetric channels [18]. Details of symmetric
channels with sizes varying from ’fine’ [16, 17] through ’moderate’ [19] to ’severe’ [20] have been
discussed in [26, 27]. Numerical solutions for Navier-Stokes system have been compared with the
theory of symmetric channels in [22], while comparison between numerical solution and experiments
for axi-symmetric pipe flow are given in [20]. Corresponding studies for asymmetric channels have
been done in [16] with an introduction to upstream free interaction in [17]. A detailed discussion
of the upstream influence in asymmetric channels is done in [18]. Further studies on separation
through asymmetric channels are done in [23, 26, 27].
As a natural extension, three dimensional constricted pipe flows have been analyzed using a
similar procedure of finding the first critical height [26, 27]. A thorough study of linearized flow
for small height has been done in [17]. Flow study for constrictions of finite height is done in [31].
Upstream influences for disturbances with large height has been examined in [24]. As mentioned
previously, channel flow is known to have considerable amount of applications. A sub-branch of
channel flow is magnetohydrodynamics which will be discussed in the next section.
1.2 Magnetohydrodynamics
Magnetohydrodynamics, MHD in short, is the field dealing with flows of electrically charged
fluids through channels in the presence of an external magnetic field. It also includes the study of
electric current driven by external voltage. This field was established by Hartmann [4] through his
pioneering work in liquid metal flow through ducts in the presence of a strong applied magnetic field
and Alfve´n [1] on cosmic magneto gas dynamics. MHD has a considerable amount of applications
3in various fields. From the study of blood through vessels in a human body using an MRI machine,
fusion reactors, MHD pumps, to use in casting industry, MHD is used extensively.
Ample amount of studies have been done in MHD flow through channels and ducts. Hartmann
[4] started by studying flow between two parallel plates with an applied, transverse magnetic field.
Analytical solutions for this model for channels with both insulating and conducting walls were
obtained by Chang and Lundgren [3]. Experimental validations were done by Murgatroyd [11] for
MHD flow through rectangular channel with insulated channel walls. Branover et al. [2] obtained
a good approximation for flow through rectangular channels with perfectly conducting walls. MHD
flow through rectangular ducts with different conductivities of walls and sides have been studied
as well. Shercliff [15] first considered the case with all walls being insulated. Corresponding study
for conducting boundary walls and insulated side walls was done by Hunt [6]. For MHD flows with
moderate or strong magnetic fields, as in many applications using liquid metals with high electrical
conductivities, finding analytical solutions is generally quite difficult. Numerical solutions are also
often costly. In such cases, asymptotic methods are used. Chang and Lundgren [3] found asymptotic
solutions for rectangular ducts. Further studies on asymptotic approaches for MHD flows were done
in [32, 33, 34].
An interesting feature of MHD flows is the suppression of flow separation by magnetic field, a
phenomenon observed by Hartmann and Lazarus [5] and Murgatroyd [11]. This has been validated
in many numerical studies [7, 12, 35] and others. Rothmayer [14] showed this property holds when
an external magnetic field is applied to the flow structure discussed in [16, 17]. The search for an
algebraic relation between the external magnetic field strength and flow separation characteristics,
particularly for the flow structure described in [18], has driven the study done in this thesis.
Asymptotic methods have been used to conduct the theoretical investigation.
41.3 Summary
In this section, a brief description for every chapter is presented.
Chapter 2: Preliminaries. In this chapter, a review of the governing equations using the non-
dimensionalization, the scaling analysis and the flow structure which have motivated the study will
be discussed.
Chapter 3: Solutions of hydrodynamic flow. Methodologies to obtain linear and non-linear
solutions for the flow structure considered in chapter 2 will be discussed in detail. Non-linear
solutions will be obtained, which has not been done before. Effects of introduction of an external
magnetic field of finite strength on the flow structure will be explored.
Chapter 4: MHD channel flow with moderate magnetic strength. Analysis of the flow structure
and properties with the gradual increase of the magnetic field strength will be discussed. Linear and
non-linear solutions for this structure will be obtained and compared with the solutions obtained in
previous chapters. The linear part of the upstream influence will be used as an important property
to examine how this MHD flow is different from the previous hydrodynamic flow property.
Chapter 5: MHD channel flow with strong magnetic field. The magnetic field strength will be
further increased to examine any changes in the flow structure and properties compared to MHD
flow considered in the fourth chapter. Linear solutions and upstream influence will be used to
examine the structure.
Chapter 6: Three dimensional channel flow. In this chapter, three dimensional flows corre-
sponding to the flow structures discussed in chapter 3, 4 and 5 will be considered. Linear solutions
will be used to analyse the structures.
Chapter 7: Conclusion. This chapter will list the results obtained in this study and future work
to be done.
5CHAPTER 2. PRELIMINARIES
2.1 Governing equations
A steady flow of an electrically conducting, incompressible fluid through a two dimensional
channel of width L under the action of a constant pressure gradient g in the horizontal direction
is considered. The channel is assumed to be long compared to its width. The channel walls are
insulated. A constant magnetic field of strength B0 is applied transversely to the flow. The fluid has
a constant density ρ, constant viscosity µ, permittivity constant 0, permeability µ0 and constant
conductance σ. In a straight channel the flow would be a fully developed Poiseuille velocity profile,
as given in equation (2.12) below. The spatial coordinates are non-dimensionalised by L, velocities
by the characteristic velocity V0 = gL
2/µ [18], and pressure by gL. The magnetic field is non-
dimensionalised by B0, electric field by V0B0, the current density by σV0B0, and the charge density
by 0V0B0/L.
Figure 2.1: Two dimensional channel flow
6The x-axis is in the flow direction and aligned with the wall and the y-axis is normal to the
wall. The governing equations are the incompressible mass conservation equation and the Navier-
Stokes equations, coupled with the magnetic induction equation and are controlled by the Reynolds
numberRe = ρgL3/µ2, the Hartmann numberHa = B0L
√
σ/µ and the magnetic Reynolds number
Rm = µ0σV0L. The non-dimensionalised governing equation are: the mass conservation equation:
∇ · V = 0, (2.1)
the Navier-Stokes equation:
V · ∇V = Re−1 [−∇p−Ha2Rm−1B ×∇×B +∇2V ] , (2.2)
and the magnetic induction equation:
V · ∇B = B · ∇V +Rm−1∇2B. (2.3)
In two dimensions, the magnetic field has two components, Bx and By. The subscripts for the
magnetic field components indicate the direction of the components and are not partial derivatives.
A constant transverse magnetic field implies that Bx is equal to zero and the non-dimensional
applied field By is equal to unity. The governing equations in two dimensions take the form
ux + vy = 0, (2.4)
uux + vuy = Re
−1
[
−px −Ha2Rm−1By
(
∂By
∂x
− ∂Bx
∂y
)
+ uxx + uyy
]
, (2.5)
uvx + vvy = Re
−1
[
−py −Ha2Rm−1Bx
(
∂Bx
∂y
− ∂By
∂x
)
+ vxx + vyy
]
, (2.6)
u
∂Bx
∂x
+ v
∂Bx
∂y
= Bxux +Byuy +Rm
−1
(
∂2Bx
∂x2
+
∂2Bx
∂y2
)
, (2.7)
u
∂By
∂x
+ v
∂By
∂y
= Bxvx +Byvy +Rm
−1
(
∂2By
∂x2
+
∂2By
∂y2
)
. (2.8)
Rm is assumed to be finite. No-slip conditions are applied at the upper and lower channel walls
u(x, f(x)) = v(x, f(x)) = 0 where the upper and lower wall shapes are f = fL(x) and f = 1−fU (x),
7respectively. For finite values of the Hartmann number, Ha, the flow far upstream of the wall
geometry in a straight portion of the channel is given by the Hartmann solution, which is v = 0
and
u = U0(y;Ha) =
1
2Ha
(
exp(Hay)− 1
1− exp(Ha) +
1− exp(−Hay)
1− exp(−Ha)
)
. (2.9)
This equation is derived from (2.5), with its left hand side being zero, and the pressure given by
p = P0 − x, where P0 is an O(1) constant. The derivation of the Hartmann solution has been
discussed in Appendix, section 2.1.
2.2 Hydrodynamic flow
In pure hydrodynamic flow, no magnetic field is present. Hence the system of governing equa-
tions reduces to:
∇ · V = 0, V · ∇V = Re−1 [−∇p+∇2V ] . (2.10)
Far upstream, the flow is a fully developed Poiseuille flow
u =
1
2
y(1− y) ≡ U0(y), v = 0, p = P0 − x, (2.11)
which is the limit of the Hartmann flow (2.9) as Ha tends to zero.
Figure 2.2: Wall distortion scale
The fluid flow is essentially controlled by a competition between the inertial and the viscous
terms which often leads to flow separation from the channel walls, especially for large Re. In case
of laminar flows, the first flow response or separation generally happens when wall geometries are
shallow. Thus, for a wall distortion of long stream-wise length scale ∆ 1 and height scale y ∼ δ,
8it is assumed that the viscous layer thickness δ is much smaller than the channel width. So the
coordinates (x, y) become equal to (∆X, δY ), where X,Y are O(1).
In the viscous wall layer of thickness δ, the u-velocity must match with the leading order
Poiseuille flow. Hence
u =
1
2
y(1− y) ∼ 1
2
δY (1− δY ) ∼ λδY, (2.12)
where λ = ∂U0∂Y (X, 0) = 1/2 is the wall shear. The pressure scale is determined from the x-
momentum equation (2.5) by assuming a Bernoulli type balance between pressure and velocity:
uux ∼ Re−1px. (2.13)
This results in pressure scaling like O(Re δ2). From the continuity equation
v ∼ uy/x ∼ δ2/∆. (2.14)
This mass balance preserves a balance between all convective terms in both momentum equations.
Substituting the scales into the x-momentum equation (2.5) gives:
δ2
∆
(UUX + UVY ) = Re
−1
(
−Re δ
2
∆
PX +
δ
∆2
UXX +
δ
δ2
UY Y
)
. (2.15)
Given that δ  1  ∆, the stream-wise viscous term δ/∆2 is, therefore, smaller than 1/δ. So
the term UXX in (2.15) is negligible. The remaining viscous term can balance the convective and
pressure terms when
δ2
∆
= Re−1
δ
δ2
, (2.16)
which gives the thickness of the wall layers with δ being equal to Re−1/3∆1/3. Substituting the
scales into the y-momentum equation (2.6), we obtain the leading order equation PY = 0, which
shows the pressure is constant across the wall layers.
The stream-wise length scale ∆ determines the basic properties of the flow. For
O(Re1/7) ∆ O(Re),
Smith in [16, 17] showed that the flow is controlled by a prescribed displacement, −A(X), of the
core, given by the average of the wall shapes. In this long scale structure, there is no pressure
9variation across the channel. For this to happen, the core induces a small slip velocity (u1, v1) at
the walls which creates a boundary condition difference which takes care of the different upper and
lower wall shapes. So, the stream-wise velocity in the core is given by U0 + u1. In order to match
with the wall layer and create the slip velocity, the perturbation parameter  must be equal to
Re−1/3∆1/3. The velocity and pressure in this structure are
(u, v, p− P0) ∼ (U0, 0, 0) + (Re−1/3∆1/3u1, Re−1/3∆−2/3v1, Re1/3∆2/3p1) + ... (2.17)
Substituting these scales into (2.10) and neglecting terms of order Re−1/3∆−2/3, the solutions for
the perturbation velocities u1, v1 are found to be [29]
(u1(X, y), v1(X, y)) = (A(X)U
′
0(y),−A′(X)U0(y)), (2.18)
with A(−∞) = 0 in order to merge with the upstream Poiseuille flow as X tends to −∞. The
y-momentum equation in the core is:
Re−1/3∆−5/3U0v1X +Re−2/3∆−4/3v1v1y = −Re−2/3∆2/3p1y
+Re−1
(
Re−1/3∆−8/3v1XX +Re−1/3∆−2/3v1yy
)
.
(2.19)
When compared to the pressure gradient, most of the terms are small provided Re  1, ∆  1.
The stream-wise convective term can be neglected compared to the normal pressure gradient as
long as Re−1/3∆−5/3  Re−2/3∆2/3, i.e., when ∆ is much larger than Re1/7. For this reason, when
∆ decreases to O(Re1/7), the cross-channel pressure gradient becomes non-zero, and proportional
to uvx.
2.2.1 Smith’s ’77 structure
In this three-layer structure, as discussed by Smith in [18], (x, y) is equal to (Re1/7X,Re−2/7Y )
where X,Y ∼ O(1). The flow in the viscous layers is driven by a pressure gradient across the
channel which is induced by the core displacement. This pressure-displacement interaction is a
self-sustaining process. If the pressure perturbation is positive in one layer, then the velocity in
that layer decreases, leading to the thickening of the wall layer. The mass flux is maintained
10
through the compression of the opposite viscous wall layer which happens via displacement of the
core. This results in the development of a transverse pressure gradient causing a negative pressure
in the opposite wall layer thus retaining the pressure-displacement interaction. The expansions and
equations corresponding to each layer are given below.
2.2.1.1 Channel core
In the core of the channel, the normal co-ordinate 0 < y < 1 is of order 1. The expansions
obtained by substituting ∆ equal to Re1/7 in (2.17) are:
(u, v, p− P0) ∼ (U0(y), 0, 0) + (Re−2/7u1, Re−3/7v1, Re3/7p1) + ... (2.20)
The leading order y-momentum equation produces a pressure gradient across the channel that is
given by:
p1y = −U0v1X = U20A′′(X), (2.21)
with the solution
p1(X, y) = P (X) +A
′′(X)
∫ y
0
U20 (s) ds, (2.22)
where P (X) = p1(X, 0) is unknown with P (−∞) = 0. This is known as the pressure-displacement
interaction.
Figure 2.3: Smith’s ’77 structure
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2.2.1.2 Wall layers
In the lower wall layer, the normal co-ordinate, y, scales like the wall layer thickness and is,
thus, equal to Re−2/7Y where Y ∼ O(1). The expansions are:
(u, v, p− P0) ∼ (Re−2/7U(X,Y ), Re−5/7V (X,Y ), Re3/7P (X)) + ...
These expansions are substituted in the continuity and momentum equations and every term is
tracked. The leading order equations, thereby obtained, are:
UX + VY = 0,
UUX + UVY = −PX + UY Y ,
PY = 0,
(2.23)
with the boundary conditions
U = V = 0 at Y = 0,
U → λ(Y +A(X)) as Y →∞,
U → λY as X → −∞.
(2.24)
In the upper wall layer, the y-coordinate is pointed into the core of the channel as shown in
Figure 2.3 and is equal to 1 − Re−2/7Y˜ . The expansions have the same form as the lower wall
layer but with the v-velocity expansion replaced by −Re−5/7V (X, Y˜ ). The negative sign in the
v-velocity expansion negates the negative sign in the y-coordinate of the upper wall layer leading
to a system of equations similar to (2.23)
U˜X + V˜Y¯ = 0,
U˜ U˜X + U˜ V˜Y˜ = −P˜X + U˜Y˜ Y˜ ,
P˜Y˜ = 0,
(2.25)
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with the boundary conditions
U˜ = V˜ = 0 at Y˜ = 0,
U˜ → λ(Y˜ −A(X)) as Y˜ →∞,
U˜ → λY˜ as X → −∞.
(2.26)
A matching at the edge of the upper wall layer fixes the pressure P˜ to the value of p1(X, 1).
Therefore, the wall layer pressures are connected through the core via (2.22) :
P˜ (X) = P (X) + κA′′(X), (2.27)
where κ =
∫ 1
0 U
2
0 (s) ds = 1/120.
2.3 Linear free interaction
An important feature of this structure is the free interaction. Smith in [18] showed that for a
wall perturbation with length of order Re1/7, there would be an upstream influence which extended
a distance upstream of order Re1/7 times the channel width. For very large Re, he argued that
any distance would be significantly far upstream which will lead the local effect of the wall shape
to lose relevance and any change in the main flow would have to develop as a free interaction in a
straight channel [28]. In order to check whether this is possible, (2.23) - (2.27) have to be solved
simultaneously in a straight channel by applying a linear perturbation to the displacement function
in the far upstream of the wall distortion.
Let the lower wall layer system after perturbation of magnitude  be:
(U, V, P ) ∼ (λY, 0, 0) + (up(Y ), vp(Y ), pp)eθX +O(e2θX),
A(X) ∼ apeθX +O(e2θX),
where θ is constant and the amplitude for the displacement function, ap is equal to ±1. The linear
system obtained by substituting the above expansions in (2.23) and (2.24) is:
v′p = −θup,
λθY up + λvp = −θpp + u′′p,
(2.28)
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with no-slip condition up(0) = vp(0) = 0 and far-field condition up(Y )→ λap as Y →∞.
Differentiating the second equation in (2.28) with respect to the normal coordinate gives
u′′′p − λθY u′p = 0, (2.29)
which is an Airy equation for the derivative of the perturbation velocity up. In general, the Airy
function Ai (x) and the related function Bi (x) are the linearly independent solutions to the equation
d2y
dx2
− xy = 0.
subject to certain initial conditions. The velocity up is obtained by integrating the solution of the
equation (2.29) and is given by
up(Y ) = C1
∫ Y
0
Ai (ms) ds+ C2
∫ Y
0
Bi (ms) ds, (2.30)
where the coefficient m is equal to (λθ)1/3 and the constants C1, C2 are evaluated from the boundary
conditions. The far-field condition on up implies that it is finite in value. Hence the constant C2 has
to be set to zero to nullify the contribution of the Bi (Y ) function which keeps growing. Hence up is
equal to C1f
′
1(Y ) where the function f
′
1(Y ) is equal to
∫ Y
0 Ai (ms) ds. The perturbation velocity vp
is evaluated from the first equation in (2.28) and is equal to −θC1f1(Y ). From the second equation
in the system (2.28) at Y = 0, the pressure perturbation pp is evaluated to be equal to
C1m
θ Ai
′(0).
Likewise, in the upper wall layer the expansions are given by
(U˜ , V˜ , P˜ ) ∼ (λY˜ , 0, 0) + 
(
C˜1f¯
′
1(Y˜ ),−θC˜1f˜1(Y˜ ),
C˜1m
θ
Ai ′(0)
)
eθX +O(e2θX), (2.31)
where f˜ ′1(Y˜ ) is equal to
∫ Y˜
0 Ai (ms) ds. The linearized cross-channel pressure relation of (2.27) and
the far-field conditions of the upper and lower wall layer give the value of θ as
θ = 2[−45 Ai ′(0)] 37 ≈ 5.727... (2.32)
The only constant which remains undetermined is C1 which is set by a match with the non-
linear solution, and is effectively an origin shift. Interestingly, the free interaction in this study is
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independent of the sign of C1. This is unlike the studies done by Stewartson & Williams [29] and
Stewartson [30], where positive and negative values of upstream disturbances resulted in distinct
downstream solutions. For, if C1 < 0, the pressure increases in the lower wall layer leading to an
increase in the displacement function −A(X). The transverse pressure gradient, thus generated,
compresses the upper wall layer. This results in a negative pressure in the upper wall layer which
increases the compression further, hence accentuating the compression and sustaining the pressure-
displacement interaction. For C1 > 0 the situation gets interchanged. Therefore, the case C1 < 0
covers both the situations.
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CHAPTER 3. SOLUTIONS OF HYDRODYNAMIC FLOW
3.1 Flow with wall geometry
The three-layer structure solved by Smith in [18] was for a flat channel. If there is any
wall geometry (hFL(X), hFU (X)), where h is the height, then the no-slip conditions become
U(X,hF (X)) = V (X,hF (X)) = 0. In such cases, the equations are simplified using a trans-
formation due to Prandtl (see [16]) which transforms the normal co-ordinate. In the lower wall
layer, the transformed normal co-ordinate is η = Y − hFL(X). Then the partial derivatives trans-
form to ∂X = ∂X − hF ′L(X)∂η and ∂Y = ∂η. The velocity V gets transformed to Vˆ which is equal
to V − UhF ′L(X). Thus the equations take the form:
UX + Vˆη = 0,
UUX + Vˆ Uη = −PX + Uηη,
Pη = 0.
(3.1)
The boundary conditions are the no-slip conditions at the wall, given by U(X, 0) = Vˆ (X, 0) = 0,
and the far-field condition given by
U → λ(η + hFL +A(X)) as η →∞. (3.2)
In the upper wall layer, the transformed co-ordinate is η˜ = Y˜ − hFU (X) and the transformed V˜
velocity is ˆ˜V which is equal to V˜ − U˜hF ′U . The equations are:
U˜X +
ˆ˜Vη˜ = 0,
U˜ U˜X +
ˆ˜V U˜η˜ = −P˜X + U˜η˜η˜,
P˜η˜ = 0.
(3.3)
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Similar to the lower wall layer, the boundary conditions in the upper wall layer are the no-slip
conditions U˜(X, 0) = ˆ˜V (X, 0) = 0, and the far-field condition
U˜ → λ(η˜ + hFU −A(X)) as η˜ →∞. (3.4)
The core of the channel is governed by the transformed pressure-displacement interaction:
P˜1(X) = P1(X) + κAXX(X), (3.5)
with κ equal to 1/120.
3.2 Linearization for shallow wall geometry
One important tool that can be used to analyse the underlying structure of the flow is linearised
theory which is obtained by introducing a small perturbation to the system and linearising the non-
linear boundary layer system. This linearised system can be solved by numerical methods as well
as by using the Fourier transform. The transform is applied to the linearised system and solution
in Fourier space is obtained. The advantage of this procedure is that it provides insights into the
structure of the solution without having to solve the more complicated non-linear equations [28].
A small perturbation of magnitude h, the maximum distortion height, which is small compared
to one is applied to the three-layer system. In the lower wall layer the perturbed variables are:
(U, Vˆ , P,A) ∼ (λη, 0, 0, 0) + h(uL(X, η), vL(X, η), pL(X), a(X)) +O(h2)
and the linear system thus obtained by substituting these variables into (3.1) is:
uLX + vLη = 0,
ληuLX + λvL = −p′L + uLηη,
(3.6)
with the no-slip conditions at the wall uL(X, 0) = vL(X, 0) = 0 and the matching condition at the
lower wall layer-core interface uL → λ(FL(X)+a(X)) as η tends to infinity. Similarly, in the upper
wall layer the perturbed variables are given by
(U˜ , ˆ˜V, P˜ ) ∼ (λη˜, 0, 0, 0) + h(uU (X, η˜), vU (X, η˜), pU (X)) +O(h2),
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with the linear system obtained by substituting the variables into (3.3)
uUX + vUη˜ = 0,
λη˜uUX + λvU = −p′U + uUη˜η˜.
(3.7)
The boundary conditions are no-slip conditions at the wall uU (X, 0) = vU (X, 0) = 0 and the far
field condition uU → λ(FU (X)− a(X)) as η˜ →∞. The equation governing the core is obtained by
substituting the pressure and the displacement variables into the equation (3.5):
pU = pL + κa
′′(X). (3.8)
3.2.1 Fourier transform solution
The definitions of the Fourier transform and inverse Fourier transform used here are given,
respectively, by
F ∗(α) =
∫ ∞
−∞
F (X)e−iαX dξ,
F (X) =
1
2pi
∫ ∞
−∞
F ∗(α)eiαX dα,
(3.9)
where α is the transformed variable corresponding to X. The ′∗′ symbol represents the transformed
function. The transform of the derivative of the function is given by
(F ′)∗(α) = iαF ∗(α). (3.10)
The Fourier transform is applied to each of the three layers. The boundary layer system in the
lower wall layer, after the transformation, is given by:
iαu∗L + v
∗
Lη = 0,
iαληu∗L + λv
∗
L = −iαp∗L + u∗Lηη,
(3.11)
with the no-slip conditions at the wall u∗L(α, 0) = v
∗
L(α, 0) = 0 and the far-field condition u
∗
L →
λ(F ∗L(α) + a
∗(α)) as η → ∞. The system (3.11) is solved directly by differentiating the X- mo-
mentum equation with respect to η and using the mass conservation equation, thus giving a form
of Airy equation satisfied by u∗Lη:
u∗Lηηη − (iαλ)ηu∗Lη = 0. (3.12)
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The solution, when integrated with respect to η gives the transformed u-velocity perturbation
u∗L =
3
2
(F ∗L + a
∗)
(
iα
2
)1/3 ∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds. (3.13)
The pressure perturbation is obtained from the X-momentum equation by using the no-slip condi-
tions and the value of u∗Lηη at the wall
p∗L =
3 Ai ′(0)
25/3
(iα)
−1
3 (F ∗L + a
∗). (3.14)
In a similar fashion, the solutions are obtained for the transformed system in the upper wall
layer
iαu∗U + v
∗
Uη˜ = 0,
iαλη˜u∗U + λv
∗
U = −iαp∗U + u∗Uη˜η˜,
(3.15)
with the boundary conditions being the no-slip condition at the wall u∗U (α, 0) = v
∗
U (α, 0) = 0 and
the far-field condition u∗U → λ(F ∗U (α)−a∗(α)) as η˜ →∞. The transformed u-velocity and pressure
perturbations in the upper wall layer are given by
u∗U =
3
2
(F ∗U − a∗)
(
iα
2
)1/3 ∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds,
p∗U =
3 Ai ′(0)
25/3
(iα)−1/3(F ∗U − a∗).
(3.16)
The pressure perturbations in the two wall layers are related through the core by
p∗U = p
∗
L − α2κa∗(α). (3.17)
Solving the above equations gives the transformed displacement perturbation
a∗ =
γ(F ∗U − F ∗L)
2γ − κα2 , (3.18)
where γ is equal to 3 Ai
′(0)
25/3
(iα)
−1
3 and κ is 1/120.
The velocity and pressure perturbations in each wall layer are obtained by using the fast Fourier
transform or ’fft’ and the inverse fast Fourier transform or ’ifft’ routines of MATLAB. The lower
wall is taken to be a Gaussian hump FL = exp
(−(24/2.25)X2), where the hump length is 1.5 units.
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The upper wall is flat. The transformed variable α is taken to lie in the interval (−15, 15) with the
step length 2.3969× 10−4. A linear extrapolation has been used to calculate the value of a∗ and γ
at the origin. The length of padding is given by n which is equal to 219. The step length in the
X-axis is calculated from the relation
dXdα =
2pi
n
. (3.19)
The functions obtained after performing the inverse fft routine are then normalised by the step-
length dX.
3.2.2 Linear finite difference solutions
The linearized equation systems (3.6) - (3.8) are also finite differenced and solved using the
Thomas algorithm discussed in the Appendix, section 1.2 as well as in the next section. The linear
system is numerically solved to provide a foundation for the solution of the non-linear system. The
linear solutions, represented by red and black lines in the plot, are compared with the solutions
obtained through inverse fast Fourier transform, represented by blue and green lines, in Figure 3.1
and show good agreement through complete overlap.
(a) Wall layer pressure (b) Wall layer shear
Figure 3.1: Comparison of linear finite difference and ifft solutions
3.3 Non-linear solutions
To study how this three-layer system behaves, the equations (3.1) through (3.5) along with
the no-slip conditions are solved. A fully implicit second-order accurate space marching scheme in
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the X-direction with Newton linearization and a block tri-diagonal inversion in η-direction at each
X gridline have been used. The two wall layers are coupled with the core (3.5) through the far-
field conditions (3.2) and (3.4). Reverse flow regions are computed using a FLARE approximation
[13], where ω is set equal to 1 for positive U -velocity and zero for negative U -velocity. Repeated
iterations in the X-direction are used to converge the solution. The step-length in the X-direction
is ∆X and in the η-direction is ∆η. The ∆ notation used here is different from the notation used for
stream-wise length scale. The subscript (i, j) correspond to the grid values (Xi, ηj) where i ranges
from 0 to M , j ranges from 0 to N in lower wall layer and from N + 1 to Nt in the upper wall
layer, respectively. The velocities (Ug, Vˆ g) are the guessed values for (U, Vˆ ) which are set equal to
the values of U and Vˆ obtained in the previous iteration, except for the first iteration when the
guessed values are set equal to the corresponding values at the previous X location. The upstream
flow conditions are set to undisturbed Poiseuille flow with local pressure. The lower wall boundary
condition for the lower wall layer is:
Ui,0 = Vˆi,0 = 0, −Pi,0 + Pi,1 = 0. (3.20)
The finite differenced equations in the lower wall layer take the form:
3
4∆X
Ui,j−1 − 1
∆η
Vˆi,j−1 +
3
4∆X
Ui,j +
1
∆η
Vˆi,j
=
Ui−1,j + Ui−1,j−1
∆X
− Ui−2,j + Ui−2,j−1
4∆X
,(
− Vˆ
g
2∆η
− 1
(∆η)2
)
Ui,j−1 +
(
ω
(
UgX +
3Ug
2∆X
)
+
2
(∆η)2
)
Ui,j + U
g
η Vˆi,j
+
3
2∆X
Pi,j +
(
Vˆ g
2∆η
− 1
(∆η)2
)
Ui,j+1
= ωUg
(
4Ui−1,j − Ui−2,j
2∆X
+ UgX
)
+ Vˆ gUgη +
4Pi−1,j − Pi−2,j
2∆X
,
− Pi,j + Pi,j+1 = 0.
(3.21)
The matching condition U → λ(η+ hFL(X) +A(X)) in the lower wall layer (3.2) couples with the
core equation (3.5) via the displacement function. A(Xi) is expressed in terms of the upper and
lower wall pressure as
Ai =
∆X2
2κ
(Pi,N − P˜i,N+1) + (Ai−1 +Ai+1)
2
(3.22)
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and is then substituted into the matching conditions Ui,N → λ(ηN + hFL,i + Ai). The finite-
differenced equations for the interface of the lower wall layer and the core are then
Ui,N − λ∆X
2
2κ
Pi,N +
λ∆X2
2κ
P˜i,N+1
=λ(ηN + hFL,i) +
(Ai−1 +Ai+1)
2
,(
3Ug
2∆X
+ UgX
)
Ui,N + λVˆi,N +
3
2∆X
Pi,N
=Ug
(
4Ui−1,N − Ui−2,N
2∆X
+ UgX
)
+
4Pi−1,N − Pi−2,N
2∆X
,
3
4∆X
Ui,N−1 − 1
∆η
Vˆi,N−1 +
3
4∆X
Ui,N +
1
∆η
Vˆi,N
=
Ui−1,N + Ui−1,N−1
∆X
− Ui−2,N + Ui−2,N−1
4∆X
.
(3.23)
In the upper wall layer, the finite-differenced equations are similar to (3.21) and (3.23) but with
the j−1 index being replaced by j+1 and the displacement function changing its sign from positive
to negative. Hence, the interface of the upper wall layer and the core is dictated by the equations:
U˜i,N+1 − λ∆X
2
2κ
P˜i,N+1 +
λ∆X2
2κ
Pi,N
=λ(η˜N+1 + hFU,i)− (Ai−1 +Ai+1)
2
,(
3U¯g
2∆X
+ U˜gX
)
U˜i,N+1 + λ
ˆ˜Vi,N+1 +
3
2∆X
P˜i,N+1
=U˜g
(
4U¯i−1,N+1 − U˜i−2,N+1
2∆X
+ U˜gX
)
+
4P¯i−1,N+1 − P˜i−2,N+1
2∆X
,
3
4∆X
U˜i,N+1 − 1
∆η˜
ˆ˜Vi,N+1 +
3
4∆X
U˜i,N+2 +
1
∆η˜
ˆ˜Vi,N+2
=
U˜i−1,N+1 + U˜i−1,N+2
∆X
− U˜i−2,N+1 + U˜i−2,N+2
4∆X
.
(3.24)
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The upper wall layer is governed by the system:
3
4∆X
U˜i,j +
1
∆η˜
ˆ˜Vi,j +
3
4∆X
U˜i,j+1 − 1
∆η˜
ˆ˜Vi,j+1
=
U˜i−1,j + U˜i−1,j+1
∆X
− U˜i−2,j + U˜i−2,j+1
4∆X
,(
ˆ˜V g
2∆η˜
− 1
(∆η˜)2
)
U˜i,j−1 +
(
ω
(
U˜gX +
3U¯g
2∆X
)
+
2
(∆η˜)2
)
U˜i,j + U˜
g
η˜
ˆ˜Vi,j
+
3
2∆X
P˜i,j +
(
−
ˆ˜V g
2∆η˜
− 1
(∆η˜)2
)
U˜i,j+1
= ωU˜g
(
4U¯i−1,j − U˜i−2,j
2∆X
+ U˜gX
)
+ ˆ˜V gU˜gη˜ +
4P¯i−1,j − P˜i−2,j
2∆X
,
P˜i,j−1 − P˜i,j = 0.
(3.25)
The boundary conditions for the upper wall layer being the no-slip conditions and the pressure
being constant across the layer, it follows that
U˜i,0 =
ˆ˜Vi,0 = 0, P˜i,0 − P˜i,1 = 0. (3.26)
To investigate the downstream flow, a similarity solution approach as discussed in Smith’s ’77
[18] has been taken. It is found that the displacement function A(X) behaves like A0/X
2 where
A0 is a constant. Thus the second derivative of the displacement function is equal to A(X)/X
2.
The expression for A(X) is obtained from the pressure-displacement interaction at the downstream
location XM
Ai =
X2M
κ
(PM,N+1 − PM,N ). (3.27)
The coupling of the far-field condition U → λ (η + hFL(X) +A(X)) and the pressure-displacement
interaction gives the interface condition
UM,N − λX
2
M
κ
Pi,N +
λX2M
κ
PM,N+1 = λ(ηN + hFL,M ). (3.28)
Similarly, in the upper wall layer-core interface the equation is
U¯M,N+1 − λX
2
M
κ
PM,N+1 +
λX2M
κ
PM,N = λ(ηN+1 + hFU,M ). (3.29)
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Figure 3.2: Wall shear comparison with Smith’s long scale solution
In Figure 3.2 a comparison has been shown between the wall layer solution of Smith’s long
scale problem [16] and the non-linear solution generated using the numerical method used in this
work for the hump FU = FL = Xexp
(−X2/32) for X > 0, with h = 2.0. In order to compare,
the displacement function in the non-linear method has been replaced by the average of the two
wall shapes. First order backward difference method is used for the X-derivative. The grid used is
−5 ≤ X ≤ 30 with 401 points, 0 ≤ η ≤ 50 in the lower wall layer with 2500 points and 0 ≤ η˜ ≤ 55
in the upper wall layer with 2751 points. Tolerance of 10−7 is used for convergence at every X
location.
Non-linear solutions for the three-layer system, represented by (3.21) - (3.29), are generated
with a Gaussian hump FL(X) = 5 exp
(−(24/2.25)X2) in the lower wall and a flat upper wall .
The grid used to produce grid converged solutions is −4 ≤ X ≤ 4 with 161 points, 0 ≤ η ≤ 14 with
71 points in the lower wall layer and 0 ≤ η˜ ≤ 15 with 145 points in the upper wall layer. So M
equals to 160, N equals to 70 and Nt equals to 146. The hump height h is increased from 0 to 2.9
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in 40 increments to ensure stability of the solutions at larger hump heights. The tolerance 10−7
between successive iterates sets the criterion for convergence to the solution at every X location.
(a) Wall layer pressure (b) Wall layer shear
Figure 3.3: Non-linear wall layer solutions of Smith’s ’77 structure
The pressure difference between the two wall layers can be clearly seen in Figure 3.3a. The
small spike in the lower wall pressure where the hump starts, shows an upstream effect. The flow
detaches from the hump in the lower wall layer, as shown by the negative value of wall shear in
Figure 3.3b and re-attaches again after a small distance. The flow remains attached throughout
the upper wall layer. Its clear from these two plots that the flow tends to regain its original fully
developed Poiseuille far downstream.
A comparison between the ifft , linear and non-linear solutions for the lower wall shear and
pressure is shown in Figure 3.4. It is clear that as the height h of the hump is decreased, the
non-linear solutions tend to the linear solution. The horizontal range used in the computations is
(−4, 4). The range has been adjusted during post-processing to obtain a better idea of the behavior
of solutions.
3.4 Introduction of magnetic field: finite Ha flow
In the previous chapter, it was seen that fluid flow in presence of a constant, transverse magnetic
field is governed by equations (2.4) through (2.8) along with no-slip conditions at the channel walls.
The changes in the three-layer hydrodynamic flow structure due to gradual increase in the strength
of the magnetic field, i.e, change of Hartmann number Ha from zero to some finite values, are
25
(a) Wall layer pressure (b) Wall layer shear
Figure 3.4: Comparison of ifft, linear and non-linear solutions
studied. In order to do this, the scale analysis of the upstream flow is done. The upstream flow is
given by the Hartmann solution of equation (2.9), which is
u = U0(y;Ha) =
1
2Ha
(
exp(Hay)− 1
1− exp(Ha) +
1− exp(−Hay)
1− exp(−Ha)
)
, v = 0.
For a wall distortion of stream-wise length ∆ which is of order Re1/7, the height scale as well as
the wall layer thickness is denoted by δ where δ is quite small as compared to ∆. Substitution of the
wall layer coordinate into the Hartmann solution followed by expansion of the exponential terms
in their corresponding Taylor series shows that the u-velocity in the wall layer scales like δ with
the wall shear remaining unchanged. The v-velocity scale is obtained from the mass conservation
equation and is equal to δ2/∆. The pressure scales like Re δ2. Hence it is seen that the scales are
similar to the corresponding velocity and pressure scales in the wall layers for the hydrodynamic
flow. To find the leading order equations in the wall layers, it is required to find the expansions for
the components of the magnetic field.
The magnetic field is divided into two contributions [9], one due to the external field and the
other due to the magnetic field induced by the current
B = yˆ +
Rm
Ha
b(y)xˆ, (3.30)
where (xˆ, yˆ) are the unit vectors in the x and y-directions, respectively. The induced field b satisfies
the equation
∂2b
∂y2
+Ha
∂u
∂y
= 0, (3.31)
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which implies that b scales like Haδ2. Component-wise the magnetic field in (3.30) is equal to
(Rmδ2 b˜, 1) where b˜ is the scaled induced magnetic field.
Substituting scales of all the variables into the x-momentum equation (2.5), it is seen that there
has to be a balance between the two leading order terms px and Re
−1uyy to preserve the near-wall
interaction. This balance sets δ equal to Re−2/7. The pressure scales like Re3/7. Therefore, no
changes are seen in the wall layer.
Similarly, the expansions in the core also remain unchanged. The only change happens to the
coefficient of the displacement term κ which now takes the form [10]
κ =
∫ 1
0
(U0(y;Ha))
2 ds
= csch 2(
Ha
2
)
[
Ha(2 + cosh (Ha))− 3 sinh (Ha)
8Ha3
]
.
(3.32)
Therefore, the pressure-displacement interaction takes the form:
P˜ = P + κ(Ha)A′′(X). (3.33)
(a) Constant hump length
(b) Variable hump length
Figure 3.5: Pressure variation with increasing Ha
In order to examine the effect of gradual increase of Ha on the flow, the pressure in both the
wall layers are plotted. In Figure 3.5a, it is observed that as Ha is increased, the difference between
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the wall pressure in the two wall layers decreases. This implies that the flow structure is tending to
the long-scale structure where the hump length is greater than O(Re1/7) and less that O(Re). The
pressure in the two wall layers tending to equality suggests that the κ(Ha)A′′(X) term is becoming
small. Anticipating a hump-length change in order to retain Smith’s flow structure, computations
were done varying the hump-length with increasing Ha. Figure 3.5b verifies that if the hump length
is decreased from O(Re1/7), with increasing Ha, then the overall flow structure is preserved. This
led to the need for a relation between Re and Ha to analyse the MHD flow structure with more
definiteness.
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CHAPTER 4. MHD CHANNEL FLOW WITH MODERATE MAGNETIC
STRENGTH
For finite values of Ha, as was seen in the last chapter, the three-layer flow structure does not
change. The flow properties seem to tend to long scale properties as Ha is increased. On the other
hand, the flow properties seem to be preserved as the stream-wise length scale ∆ is shortened with
increasing Ha. In this chapter, a quantitative relation between Ha and ∆ for increasing Ha is
obtained and the effect of that change in the length scale on the flow structure and properties is
studied.
4.1 Flow as Ha→∞
With increase in the strength of the magnetic field from its finite values, i.e., as Ha → ∞, the
Hartmann solution (2.9) tends to 1/(2Ha). Thus the flow profile U0(y;Ha) flattens in the core with
increasing Ha, as shown in Figure 4.1.
Figure 4.1: U0(y;Ha) profile through a straight channel
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This change in the upstream flow affects the displacement coefficient κ(Ha) given by (3.32). At
leading order [10]
κ(Ha) =
∫ 1
0
(
1
2Ha
)2 ds ∼ 1
4
Ha−2, (4.1)
which shows that the displacement term in the pressure-displacement interaction equation (2.27):
P¯ (X) = P (X) + κA′′(X)
is becoming small compared to the pressure terms. This behaviour is shown in Figure 3.5a as well.
In order to preserve this interaction the stream-wise length scale of the wall distortion is shortened.
As a consequence, the height scale of the wall layer also needs to be decreased to maintain the
near-wall interaction, thereby, changing the velocity and pressure scales. The (x, y) co-ordinates
in the wall layer become equal to
(
Re1/7∆˜X,Re−2/7∆˜1/3Y
)
where ∆˜ tends to zero. The u-
velocity is equal to Re−2/7∆˜1/3U , v-velocity is equal to Re−5/7∆˜−1/3V and the pressure is equal to
Re3/7∆˜2/3P . The far-field condition U → λ(Y + A(X)) is maintained by letting the displacement
function −A(X) scale like the wall y-coordinate. In order to maintain the pressure-displacement
interaction, the pressure scale must balance the displacement term
∆˜2/3 ∼ Ha−2 ∆˜
1/3
∆2
, (4.2)
which implies the length scale ∆˜ must scale like O(Ha−6/7). Hence at a length scale of Re1/7Ha−6/7,
it is anticipated that the hydrodynamic flow structure can be retained, as shown in Figure 3.5b.
4.1.1 Wall layers
The expansions in the lower wall layer are therefore:
(x, y) = (Re1/7Ha−6/7X,Re−2/7Ha−2/7Y ),
(u, v, p− P0) ∼ (Re−2/7Ha−2/7U,Re−5/7Ha2/7V,Re3/7Ha−4/7P ) + ...
(4.3)
The result that A(X) becomes small means that the u1 and v1 perturbation velocities as given
by (2.18) also become small in the core. On scales equal to and shorter than Re1/7, a balance must
occur between uvx and Re
−1py in the y-momentum equation of the core flow. Using the pressure
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scale from equation (4.3), and setting y ∼ O(1) and u equal to 1/(2Ha) at the leading order, sets
the v-velocity scale to be
v ∼ Re−3/7Ha−3/7v1. (4.4)
The perturbation u-velocity is set from the mass conservation and is of the order of Re−2/7Ha−9/7.
Thus the expansions in the core become
(x, y) = (Re1/7Ha−6/7X, y),
(u, v, p− P0) ∼ ( 1
2Ha
, 0, 0) + (Re−2/7Ha−9/7u1, Re−3/7Ha−3/7v1, Re3/7Ha−4/7p1) + ...
(4.5)
In order to obtain the leading order equations in the wall layer and the channel core, the
expansions for the magnetic field in each of these layers are needed as well. In the lower wall layer,
it is assumed that the x-component of the magnetic field Bx has a perturbation of order 1 to zero
strength and the y-component By has a perturbation of order 2 to the constant strength of unity.
The parameter 1 is evaluated from the balance between the terms By
∂u
∂y and Rm
−1 ∂2Bx
∂y2
in the
x-induction equation (2.7). If these two terms do not balance each other, then the leading order x-
induction equation in the wall would be UY = 0 which is not correct. Hence the magnetic field Bx
goes like Re−4/7Ha−4/7BX + ... where BX ∼ O(1) and satisfies the equation
Rm−1
∂2BX
∂Y 2
+ UY = 0. (4.6)
This equation has a solution BX = Rm
[
(c1 − λA)Y − λY 22 −
∫ Y
0 (U − λs− λA) ds)
]
, where the
constant c1 has to be evaluated from the matching condition with the adjacent layer. Similarly, the
perturbation to the y-component By is evaluated from the balance of the terms By
∂v
∂y and Rm
−1 ∂2By
∂y2
in the y-induction equation (2.8) and is found to scale like Re−1BY + ... where BY ∼ O(1). The
component BY satisfies the equation
Rm−1
∂2BY
∂Y 2
+ VY = 0, (4.7)
with a solution given by BY = Rm
[
(d1 − V0(X))Y + λA′(X)Y 22 −
∫ Y
0 (V + λA
′(X)s− V0(X)) ds
]
,
with the velocity V0(X) being obtained from the x-momentum equation λ
2AA′+λV0 = −PX . After
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substituting all the expansions in the governing equations and tracking every term, the leading order
equations in the lower wall layer are obtained and are given by:
UX + VY = 0,
UUX + V UY = −PX + UY Y ,
PY = 0,
(4.8)
along with the no-slip conditions at the wall U(X,hFL(X)) = V (X,hFL(X)) = 0. Clearly, the wall
layer equations are similar to (2.23) of the hydrodynamic structure.
The equation system corresponding to the upper wall layer is:
U˜X + V˜Y¯ = 0,
U˜ U˜X + U˜ V˜Y˜ = −P˜X + U˜Y˜ Y˜ ,
P˜Y˜ = 0,
(4.9)
with the no-slip conditions at the wall U˜(X,hFU (X)) = V˜ (X,hFU (X)) = 0.
The matching condition between the wall layer and the core requires the U -velocity in the wall
layer and the u-velocity in the core to tend to the same value at the interface of the two layers. But
the U -velocity in the lower wall layer tends to λY and the u-velocity in the core tends to 1/(2Ha)
as they approach the interface. This mismatch of values is accommodated by the introduction of a
new layer in between the wall layer and core. This new layer is known as the Hartmann layer and
has a thickness O(Ha−1) [9]. This layer is thicker than the wall layer as long as Ha is smaller than
Re2/5.
4.1.2 Hartmann layers
The u-velocity in the Hartmann layer scales to the thickness of the Hartmann layer at the
leading order. The layer creates a slip velocity at the walls given by u¯1. Hence the stream-wise
flow in the Hartmann layer is a small perturbation to the Hartmann flow scaled as the thickness
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of this layer. In order to match with the wall layer and create the slip velocity,  must be equal to
Re−2/7Ha−2/7 and the following u-velocity expansion near the lower wall is
u ∼ Ha−1U¯0(y¯) +Re
−2
7 Ha
−2
7 u¯1 + ..., (4.10)
where the upstream velocity is
U¯0(y¯) =
1
2
(1− exp(−y¯)). (4.11)
Anticipating a pressure match between the wall and Hartmann layer so that the pressure-displacement
interaction (2.27) can be maintained in the core, the pressure in this layer scales similar to that in
the wall layer. Mass conservation sets the v-velocity to be Re−3/7Ha−3/7v¯1. The co-ordinates and
the final expansions in the lower Hartmann layer become
(x, y) = (Re1/7Ha−6/7X,Ha−1y¯),
(u, v, p) ∼ (Ha−1U¯0(y¯), 0, 0) + (Re−2/7Ha−2/7u¯1, Re−3/7Ha−3/7v¯1, Re3/7Ha−4/7P¯ ) + ...
(4.12)
The magnetic field components are obtained from the magnetic induction equations (2.7) and
(2.8). The scale of the x-component Bx is obtained from the balance between the Byuy and
∂Bx
∂y
terms and that for the By is obtained from the balance between the Byvy and the
∂By
∂y terms. The
magnetic fields are given by:
Bx ∼ Ha−2B¯X + ...,
By ∼ 1 +Re−3/7Ha−10/7B¯Y + ...,
(4.13)
where B¯X is equal toRm
[
−λy¯ − ∫ y¯0 (U¯0 − λ) ds)]. The field B¯Y is equal to negative ofRm [∫ y¯0 v¯1 ∂s] .
The leading order equation system in the lower Hartmann layer :
u¯1X + v¯1y¯ = 0,
U¯0u¯1X + U¯
′
0v¯1 = 0,
P¯y¯ = 0,
(4.14)
is similar to the main deck equations of the triple-deck structure with the solution
(u¯1, v¯1) = (U¯
′
0A(X),−U¯0A′(X)),
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equivalent to (2.18) in the core of Smith’s ’77 [18] hydrodynamic structure. This sets the matching
condition U → λ(Y +A(X)) between the lower wall layer and the lower Hartmann layer.
Similarly, in the upper Hartmann layer, the normal coordinate is y = 1−Ha−1yˆ and the leading
order equation system is:
uˆ1X + vˆ1yˆ = 0,
Uˆ0uˆ1X + Uˆ
′
0vˆ1 = 0,
Pˆyˆ = 0,
(4.15)
with the solution
(uˆ1, vˆ1) = (Uˆ
′
0B(X),−Uˆ0B′(X)),
where the upstream velocity Uˆ0(yˆ) has the same form as (4.11). The displacement function B(X)
is the mirror image of A(X), that is, B(X) = −A(X). The matching condition U˜ → λ(Y˜ +B(X))
between the upper wall layer and Hartmann layer sets the far-field condition for the upper wall
layer.
4.1.3 Core
In the channel core, the normal coordinate y is in the interval (0, 1) and is of order one. The
leading order u-velocity in the core as well at the interface of the core and Hartmann layer is the
constant 1/(2Ha). This implies that the X-derivative of the u-velocity is zero, which in turn makes
the y-derivative of the v-velocity zero from the continuity equation. This sets the scale of the
v-velocity in the core which is equal to Re−3/7Ha−3/7. The scale of the perturbation u-velocity is
obtained from the continuity equation. The pressure scale remains same as that in the wall and
the Hartmann layers to preserve the pressure-displacement interaction. The scales of the magnetic
field components are obtained in the similar method as was done in the wall and Hartmann layers.
Hence the expansions in the core are:
(u, v, p− P0) ∼
(
1
2Ha
, 0, 0
)
+ (Re−2/7Ha−9/7u1, Re−3/7Ha−3/7v1, Re3/7Ha−4/7p1) + ...,
Bx ∼ Ha−1BX0 +Re−2/7Ha−9/7BX1 + ...,
By ∼ 1 +Re−3/7Ha−3/7BY 1 + ...,
(4.16)
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where BX0 is equal to Rm(−λy) and BX1 is equal to Rm
[
c1y − c2 −
∫ y
0 u1 ds
]
obtained from
the matching between core and lower Hartmann layer. The scaled component BY 1 is equal to
Rm
(
A′(X)
2
)
.
The expansions are substituted into the continuity equation (2.4) to obtain the leading order
continuity equation in the core:
u1X + v1y = 0. (4.17)
Substitution of the expansions into the x-momentum equation (2.5) and tracking every term leads
to two leading terms: Re−3/7Ha−10/7 u1X2 and Re
−5/7Ha2/7p1X . The velocity term is bigger than
the pressure term as long as
Re1/6 >> Ha. (4.18)
Hence the leading order x-momentum equation is
u1X = 0. (4.19)
The upstream perturbation condition that u1(−∞, y) is zero sets u1 to zero. From the continuity
equation (4.17), v1y is found to be equal to zero. This sets the boundary condition for the v-velocity
at the interface with the two Hartmann layers
v1(X, 0) = v¯1(X,∞) = −A
′(X)
2
,
v1(X, 1) = vˆ1(X,∞) = −B
′(X)
2
=
A′(X)
2
.
(4.20)
The leading order y-momentum equation obtained after substituting the expansions and tracking
every term is:
1
2
v1X = −p1y, (4.21)
which on integration with respect to y and the condition that the core pressure is equal to the wall
layer pressure at the core-Hartmann layer interfaces gives the pressure-displacement interaction
equation
P˜ (X) = P (X) +
1
4
A′′(X). (4.22)
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Therefore, it is seen that the pressure-displacement interaction in this structure with finite Ha
is similar in form to (2.27) except for the value of κ which is equal to 1/4 instead of 1/120 as in
the hydrodynamic structure.
Figure 4.2: MHD flow structure with moderate Ha
4.2 Flow with wall geometry
Wall shapes hFL(X) and hFU (X) with height h are considered on the lower wall and upper
wall, respectively. After application of Prandtl’s transformation, the equations obtained in each
layer are same as equations (3.1) - (3.5) with κ equal to 1/4.
4.3 Linearization for shallow wall geometry
The same methods of Fourier transform and linear solutions using numerical methods are fol-
lowed, as done in the hydrodynamic structure. The solutions in the Fourier space are similar to
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the hydrodynamic flow:
u∗L =
3
2
(F ∗L + a
∗)
(
iα
2
)1/3 ∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds,
p∗L =
3Ai′(0)
25/3
(iα)−1/3(F ∗L + a
∗),
u∗U =
3
2
(F ∗U − a∗)
(
iα
2
)1/3 ∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds,
p∗U =
3Ai′(0)
25/3
(iα)−1/3(F ∗U − a∗),
(4.23)
with the transformed displacement function
a∗ =
γ(F ∗U − F ∗L)
2γ − κα2 , (4.24)
where γ is equal to 3Ai
′(0)
25/3
(iα)−1/3 and κ is 1/4.
4.4 Non-linear solutions
The method and the finite-differenced equations in wall layers and core are similar to the ones
discussed in section 3.3. The lower wall has a Gaussian hump FL(X) = 4 exp
(−(24/25)X2) and
the upper wall is flat. The grid used is −10 ≤ X ≤ 10 with 241 points and 0 ≤ η ≤ 30 with 2401
points in both the wall layers. The hump height h is increased from 0 to 4 in 80 increments to
ensure stability of the converged solutions. A tolerance of 10−6 has been used between successive
iterates for convergence at every X location.
In Figure 4.3a, an upstream effect can be seen in the lower wall layer. The difference between
the pressure in the two wall layers has clearly increased in comparison to the difference in the
hydrodynamic flow. This is due to the increase in the value of κ from 1/120 in the hydrodynamic
structure to 1/4 in this new flow structure with moderate magnetic field strength. The negative
values of the lower wall shear indicates flow separation along the lower wall. The flow is attached in
the upper wall layer. The behaviour of the solutions show that the flow returns to its undisturbed
form far downstream. It is clear from the linear and non-linear solutions of both the hydrodynamic
flow and flow with moderate magnetic field strength that the overall behavior is retained.
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(a) Wall layer pressure
(b) Wall layer shear
Figure 4.3: Non-linear solutions for flow with moderate Ha
A comparison between the ifft and non-linear solutions for the lower wall shear and pressure is
shown in Figure 4.4. It is clear that for as the height h of the hump is decreased, the non-linear
solutions tend to the linear solution.
(a) Lower wall layer pressure (b) Lower wall layer shear
Figure 4.4: Comparison of ifft and non-linear solutions
4.5 Linear free interaction
The methodology used to analyse the linear free interaction in this flow structure is similar to
the one used in section 2.3. The only difference is the value of κ which is 1/4 in this case. The
difference in the value of κ leads to a change in the value of θ˜ which is approximately 1.33... As
Ha becomes smaller, Smith’s θ value is recovered, as shown in Figure 4.5. The constant θ˜ is the
scaled growth exponent at the Re1/7Ha−6/7 order. On the order of Re1/7, that is the length scale
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Figure 4.5: θ vs Ha for flow with moderate magnetic strength
of Smith’s ’77 structure, the growth exponent θ of Smith’s ’77 linear free interaction is found to
become similar to θ˜Ha6/7 as Ha tends to infinity. It shows that the linear free interaction is also
preserved but on a shorter length scale.
Therefore, it can be concluded that the overall flow structure and properties are retained in the
flow with moderate magnetic field strength.
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CHAPTER 5. MHD CHANNEL FLOW WITH STRONG MAGNETIC
FIELD
5.1 Introduction
In the previous chapter, it was seen that magnetohydrodynamic flow for moderate magnetic
field strength behaves similar to the hydrodynamic flow as long as Ha is smaller than Re1/6 . A
structural change when Ha becomes of the order of Re1/6 is anticipated. Any changes that might
occur in the flow properties will also be studied.
5.2 Flow with Ha ∼ O(Re1/6)
As Ha is gradually increased from the values where the relation (4.18) holds, at some point it
becomes comparable to Re1/6
Ha ∼ O(Re1/6). (5.1)
As the relation (5.1) is substituted into the x-coordinate in (4.3), it is seen that
x ∼ O(1), (5.2)
that is, the stream-wise length scale is comparable to the channel width. (5.1) can be rewritten as
[10]
Ha = Re1/6H, (5.3)
where H is a scaled Hartmann number that is finite.
5.2.1 Wall layers
The expansions in the lower wall layer are therefore:
(x, y) = (X,Re−1/3Y ),
(u, v, p− P0) ∼ (Re−1/3U,Re−2/3V,Re1/3P ) + ...
(5.4)
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The above expansions are used to calculate the scales of the magnetic field components Bx and
By, which are equal to some perturbations added to zero and unity strengths, respectively. The
horizontal component Bx is obtained from the balance between the terms By
∂u
∂y and Rm
−1 ∂2Bx
∂y2
in the x-induction equation (2.7). Bx is found to be equal to Re
−2/3BX0, where BX0 satisfies the
equation:
Rm−1
∂2BX0
∂Y 2
+ UY = 0, (5.5)
with a solutionBX0 equal toRm
[
−λY 22 −
∫ Y
0 (U − λs− λA) ds)
]
. Similarly, the normal component
By is evaluated from the balance of the terms By
∂v
∂y and Rm
−1 ∂2By
∂y2
in the y-induction equation
(2.8) and is found to scale like Re−1BY 0 + .... The scaled component BY 0 satisfies the equation:
Rm−1
∂2BY 0
∂Y 2
+ VY = 0, (5.6)
with the solution BY 0 equal to Rm
[
λA′(X)Y
2
2 −
∫ Y
0 (V + λA
′(X)s− V0(X)) ds
]
where the velocity
V0(X) is evaluated from the x-momentum equation λ
2AA′ + λV0 = −PX . Substituting all the
expansions into the governing equations (2.4) - (2.6), the leading order equations in the lower wall
layer are obtained
UX + VY = 0,
UUX + V UY = −PX + UY Y ,
PY = 0,
(5.7)
along with the no-slip conditions at the wall U(X,hFL(X)) = V (X,hFL(X)) = 0. The equation
system corresponding to the upper wall layer is
U˜X + V˜Y˜ = 0,
U˜ U˜X + U˜ V˜Y˜ = −P˜X + U˜Y˜ Y˜ ,
P˜Y˜ = 0,
(5.8)
with the no-slip conditions at the wall U˜(X,hFU (X)) = V˜ (X,hFU (X)) = 0.
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5.2.2 Hartmann layers
Substitution of the Ha value given by (5.1) into the Hartmann layers (4.12) gives the expansions:
(x, y) = (X,Re−1/6y¯),
(u, v, p− P0) ∼ (Re−1/6U¯0(y¯), 0, 0) + (Re−1/3u¯1, Re−1/2v¯1, Re1/3P¯ ) + ...,
(5.9)
where the upstream flow velocity is :
U¯0(y¯) =
1
2H
(1− exp(−Hy¯)). (5.10)
The upstream velocity profile is obtained from the equation (4.11) using (5.3) and re-scaling the y¯
co-ordinate in (4.11) by Hartmann number Ha = Re1/6H.
The magnetic field components are obtained from the magnetic induction equations (2.7) and
(2.8). The scale of the x-component Bx is obtained from the balance between the Byuy and
∂Bx
∂y
terms and that for the By is obtained from the balance between the Byvy and the
∂By
∂y terms. The
magnetic fields are given by
Bx ∼ Re−1/3B¯X + ...,
By ∼ 1 +Re−2/3B¯Y + ...,
(5.11)
where B¯X is equal toRm
[
−λy¯ − ∫ y¯0 (U¯0 − λ) ds)]. The field B¯Y is equal to negative ofRm [∫ y¯0 v¯1 ∂s].
The leading order equation system in the lower Hartmann layer is
u¯1X + v¯1y¯ = 0,
U¯0u¯1X + U¯
′
0v¯1 = 0,
P¯y¯ = 0.
(5.12)
These equations are same as (4.14). The solution is equivalent to (2.18) in the core of Smith’s ’77
[18] hydrodynamic structure:
(u¯1, v¯1) = (U¯
′
0A(X),−U¯0A′(X)).
This sets the matching condition U → λ(Y + A(X)) between the lower wall layer and the lower
Hartmann layer.
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Similarly, in the upper Hartmann layer, the normal coordinate is y = 1 − Re−1/6yˆ and the
leading order equation system is:
uˆ1X + vˆ1yˆ = 0,
Uˆ0uˆ1X + Uˆ
′
0vˆ1 = 0,
Pˆyˆ = 0,
(5.13)
with the solution
(uˆ1, vˆ1) = (Uˆ
′
0B(X),−Uˆ0B′(X)),
where the upstream velocity Uˆ0(yˆ) has the same expression as (5.10). The matching condition
U˜ → λ(Y˜ + B(X)) between the upper wall layer and Hartmann layer sets the far-field condition
for the upper wall layer.
5.2.3 Core
The normal coordinate y in the channel core lines in the interval (0, 1) and is of order one.
The upstream u-velocity (1/2Ha) becomes Re−1/6/(2H) using the relation (5.3). Therefore, the
expansions in the core are:
(u, v, p− P0) ∼
(
Re−1/6
1
2H
, 0, 0
)
+ (Re−1/2u1, Re−1/2v1, Re1/3p1) + ... (5.14)
The magnetic field components Bx and By are perturbations to zero and unity strength mag-
netic fields, respectively. The scale for the horizontal component Bx is obtained from the balance
between the terms Byuy,
∂Bx
∂x and
∂Bx
∂y in the x-induction equation (2.7). Similarly, the scale normal
component By is obtained from the balance between the terms Byvy,
∂By
∂x and
∂By
∂y in the y-induction
equation (2.8). Hence the magnetic field expansions are:
Bx ∼ Re
−1
2 BX + ...,
By ∼ 1 +Re
−1
2 BY + ...,
(5.15)
where the scaled components BX and BY satisfy the equations
Rm−1[
∂2BX
∂X2
+
∂2BX
∂y2
] + u1y = 0,
Rm−1[
∂2BY
∂X2
+
∂2BY
∂y2
] + v1y = 0,
(5.16)
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respectively. The leading order equations obtained in the core by substituting all the expansions
into the governing equations (2.4)-(2.6) are:
u1X + v1y = 0,
H−1
2
u1X = −p1X ,
H−1
2
v1X = −p1y.
(5.17)
These equations when solved simultaneously give a Laplace equation for pressure [10]
p1XX + p1yy = 0. (5.18)
Simultaneously solving the continuity and the x-momentum equations in the core and using the
fact that the v-perturbation velocity remains constant across the Hartmann layer-core interface
give the boundary conditions for the y-derivative of the pressure
p1y(X, 0) =
A′′
4H2
,
p1y(X, 1) = − B
′′
4H2
,
(5.19)
where the displacement functions A(X) and B(X) are related by the relation
A+B = 4H2
∫ 1
0
p1(X, s) ds. (5.20)
This relation is obtained by integrating the y-momentum equation and using the boundary condi-
tions along with the upstream condition for the perturbation velocities and pressure.
Hence it is seen that the core flow has changed. Instead of the pressure being a linear function
of the normal coordinate as in the hydrodynamic flow, and the MHD flow for moderate magnetic
field strength, the core is governed by a Laplace equation for pressure in this case .
5.3 Flow with wall geometry
Figure 5.1 shows the five layer flow structure.The wall shapes hFL(X) and hFU (X) with height
h are considered on the lower wall and upper wall, respectively. After the application of Prandtl’s
transformation, η = Y − hFL(X) in the lower wall layer and η˜ = Y˜ − hFU (X) in the upper wall
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Figure 5.1: MHD flow structure with very large Ha
layer, the equations obtained in the two wall layers are same as equations (3.1) - (3.3). The core is
governed by the equation (5.18) with the boundary conditions (5.19) and the displacement relation
(5.20).
5.4 Linearization for shallow wall geometry
To study the system at very small hump heights, the Fourier transform has been used. The
solutions in the Fourier space for the wall layers are similar to the hydrodynamic flow:
u∗L =
3
2
(F ∗L + a
∗)
(
iα
2
)1/3 ∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds,
p∗L =
3Ai′(0)
25/3
(iα)−1/3(F ∗L + a
∗),
u∗U =
3
2
(F ∗U + b
∗)
(
iα
2
)1/3 ∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds,
p∗U =
3 Ai ′(0)
25/3
(iα)
−1
3 (F ∗U + b
∗),
(5.21)
where u∗L and u
∗
U are the Fourier transform of the perturbation u-velocities in the lower and upper
wall layers, respectively. In the core, the perturbed pressure is
p1(X, y) ∼ hpc(X, y) + ...,
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where the height h is smaller than unity. The Fourier transform of pc(X, y) is p
∗
c(α, y) which satisfies
the equation
p∗cyy − α2p∗c = 0, (5.22)
with the solution
p∗c(α, y) = c1(α)exp(αy) + c2(α)exp(−αy). (5.23)
The coefficient functions are given by
c1(α) =
exp(−α)p∗L − p∗U
exp(−α)− exp(α) ,
c2(α) =
p∗U − exp(α)p∗L
exp(−α)− exp(α) .
(5.24)
The boundary conditions for p∗c are
p∗cy(α, 0) = −
α2a∗
4H2
,
p∗cy(α, 1) =
α2b∗
4H2
.
(5.25)
Clearly, to evaluate the Fourier transform velocity and pressure variables, it is required to find the
formulas for the displacement functions a∗ and b∗ obtained by solving the linear system: a∗
b∗
 =
 ( α4H2 − γ cothα) γsinhα
γ
sinhα
(
α
4H2
− γ cothα)

−1 γsinhα(F ∗L coshα− F ∗U )
γ
sinhα(F
∗
U coshα− F ∗L)
 , (5.26)
where γ is equal to 3 Ai
′(0)
25/3
(iα)
−1
3 .
(a) Pressure (b) Wall layer shear
Figure 5.2: Linear solutions of MHD flow structure with high Ha
For the ’ifft’ routine in MATLAB, a Gaussian hump FL(X) = exp
(−24X2) with a hump length
of unity has been used in the lower wall and the upper wall is flat. 220 is the length of the padding
46
used. The linear wall layer pressure and core pressure are shown in Figure 5.2a. The upper wall
layer has considerably increased compared to upper wall layer pressure in the hydrodynamic flow
and the flow with moderate magnetic strength. Likewise, Figure 5.2b shows significant flattening
of upper wall shear compared to the other flow structures.
A comparative study has been done between the linear solutions of MHD flow with strong
magnetic field and the MHD flow with moderate magnetic strength where κ is equal to 1/4. For
convenience, the MHD flow structure with moderate magnetic field strength is called ”structure I”
and with strong magnetic field is called ”structure II”. For the comparison, the physical length and
height scales of the humps in the two structures are equated. Using the relation (5.3), the hump
length scale in structure II is DII = H
−6/7DI and the height scale is hII = H−2/7hI . The solutions
obtained using ’ifft’ routine in MATLAB are then scaled back to that of the structure I. Hence the
pressure solution is PI = H
4/7PII and X = XI = H
6/7XII . The result is shown for the lower wall
pressure for a Gaussian hump hI = 1 and FL(X) = exp
(−24(X/DI)2) in Figure 5.3. This shows
that the MHD flow structure with moderate Ha can be recovered from the MHD flow with large
Ha = Re1/6H as the strength H is decreased.
Figure 5.3: Connection between MHD flow structures with moderate and large strengths
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5.5 Linear free interaction
A change in the free interaction is anticipated and thus linear free interaction analysis is done.
A perturbation of magnitude  is introduced in all the layers in a flat channel. In the lower wall
layer, the perturbed system is:
(U, V, P1) ∼ (λY, 0, 0) + (up(Y ), vp(Y ), pp)eθˆX +O(θˆ2),
A(X) ∼ apeθˆX +O(θˆ2),
(5.27)
where θˆ is constant and ap is equal to ±1. The linear system obtained after substitution of the
expansions into (5.7) is:
v′p = −θˆup,
λθˆY up + λvp = −θˆpp + u′′p,
(5.28)
with no-slip conditions up(0) = vp(0) = 0 and far-field condition up(Y )→ λap as Y →∞.
Following the Airy equation method used in the hydrodynamic flow, as shown by equations
(2.29)- (2.30), the solution obtained for the linear system (5.28) is given by:
(up, vp, pp) =
(
C1f
′
1(Y ),−θˆC1f1(Y ),
C1m
θˆ
Ai ′(0)
)
, (5.29)
where m is equal to (λθˆ)1/3 and f ′1(Y ) is equal to
∫ Y
0 Ai (ms) ds. The displacement perturbation
ap is equal to
C1
3mλ . Similarly, in the upper wall layer the expansion is given by:
(U˜ , V˜ , P˜1) ∼ (λY˜ , 0, 0) + 
(
C˜1f¯
′
1(Y˜ ),−θˆC˜1f˜1(Y˜ ),
C˜1m
θˆ
Ai ′(0)
)
eθˆX +O(θˆ2),
B(X) ∼  C˜1
3mλ
eθˆX +O(θˆ2),
(5.30)
where f˜ ′1(Y˜ ) is equal to
∫ Y˜
0 Ai (ms) ds. In the core, the perturbed system is:
p1(X, y) ∼ pˇc(y)eθˆX +O(θˆ2), (5.31)
where the amplitude pˇc is obtained by substituting the above expansion into the equation (5.18),
and solving it gives:
pˇc(y) = d1 cos (θˆy) + d2 sin (θˆy). (5.32)
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Solving the constants d1 and d2 from the boundary conditions given by (5.19) and using the equation
(5.20) gives the dispersion relation [10] between the growth factor θˆ and the scaled Hartmann
number H:
22/3θˆ8/3 + 12H2 Ai ′(0)θˆ4/3 cot (θˆ) =
36
22/3
H4( Ai ′(0))2. (5.33)
The details of the derivation has been discussed in Appendix, section 3. The dispersion relation
(5.33) is a quadratic equation in the square power of the scaled Hartmann number H. Four solutions
are obtained by solving this equation. The limit solution as H →∞ is pi as shown in Figure 5.4.
Figure 5.4: θˆ vs H plot
The constant value pi of the growth factor θˆ shows that the linear free interaction is preserved
but on a constant stream-wise length scale. As H becomes smaller, it tends to zero at a rate of
H6/7. This shows that the growth exponent θ˜ used in linear free interaction of flow with moderate
magnetic field strength is related to θˆ by a factor of H6/7. As H becomes smaller, the θ˜ value can
be recovered. The details of the connection between the two flow structures with magnetic field is
discussed in Appendix, section 5.
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CHAPTER 6. THREE DIMENSIONAL CHANNEL FLOW
In the last four chapters two dimensional structures and their properties have been discussed.
As a logical extension, a start has been made in this chapter to investigate three dimensional
structures. The aim is to make the analysis more relevant to the real world. The model used is
that of two infinite plates separated by a very small distance. There is a wall distortion with length
and width of same scale and the height being small compared to the length scale. The approach
used here is similar to the one followed in the two dimensional study, that is, moving from the
hydrodynamic flow to the flow with strong magnetic field.
6.1 Governing equations
In three dimensions, the non-dimensional governing equations (2.1) - (2.3) along with the no-slip
conditions at the walls take the form
ux + vy + wz = 0, (6.1)
uux + vuy + wuz = Re
−1[−px −Ha2Rm−1
(
By
(
∂By
∂x
− ∂Bx
∂y
)
+Bz
(
∂Bz
∂x
− ∂Bx
∂z
))
+ uxx + uyy + uzz], (6.2)
uvx + vvy + wvz = Re
−1[−py −Ha2Rm−1
(
Bx
(
∂Bx
∂y
− ∂By
∂x
)
+Bz
(
∂Bz
∂y
− ∂By
∂z
))
+ vxx + vyy + vzz], (6.3)
uwx + vwy + wwz = Re
−1[−pz −Ha2Rm−1
(
Bx
(
∂Bx
∂z
− ∂Bz
∂x
)
+By
(
∂By
∂z
− ∂Bz
∂y
))
+ wxx + wyy + wzz], (6.4)
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u
∂Bx
∂x
+ v
∂Bx
∂y
+ w
∂Bx
∂z
= Bxux +Byuy +Bzuz +Rm
−1
(
∂2Bx
∂x2
+
∂2Bx
∂y2
+
∂2Bx
∂z2
)
, (6.5)
u
∂By
∂x
+ v
∂By
∂y
+ w
∂By
∂z
= Bxvx +Byvy +Bzvy +Rm
−1
(
∂2By
∂x2
+
∂2By
∂y2
+
∂2By
∂z2
)
, (6.6)
u
∂Bz
∂x
+ v
∂Bz
∂y
+ w
∂Bz
∂z
= Bxwx +Bywy +Bzwz +Rm
−1
(
∂2Bz
∂x2
+
∂2Bz
∂y2
+
∂2Bz
∂z2
)
. (6.7)
Here Bz is the component of the magnetic field in the z-direction. The no-slip conditions u(x, f(x), z) =
v(x, f(x), z) = w(x, f(x), z) = 0 are applied at the channel walls where the upper and lower wall
shapes are f = fL(x, z) and f = 1 − fU (x, z), respectively. The Hartmann solution in three di-
mensions have the same form as in two dimensions given by (2.9) along with w-velocity being
zero.
6.2 Hydrodynamic structure
In pure hydrodynamic flow, due to absence of magnetic field, the system of governing equations
reduces to:
∇ · V = 0,V · ∇V = Re−1[−∇p+∇2V ]. (6.8)
The Poiseuille flow retains its two dimensional form given by (2.12) with w-velocity equal to zero.
The wall distortion length and width scale are similar, hence x and z are equal to ∆X and ∆Z,
respectively. The height scale y ∼ δ where δ is small compared to ∆. Following the procedure in
section 2.2 to find out the distortion scales along with maintaining the mass conservation (6.1) and
x-momentum balances, the height scale in the wall layer should be of the order Re−1/3∆1/3. The
velocities u,w in the wall layers should be of order Re−1/3∆1/3, and the v-velocity is of the order
Re−2/3∆−1/3. Hence the co-ordinates in the wall layer are given by:
(x, y, z) = (∆X,Re−1/3∆1/3Y,∆Z), (6.9)
where X,Y and Z are of order one. The velocities are given by :
(u, v, w) ∼ (Re−1/3∆1/3U,Re−2/3∆−1/3V,Re−1/3∆1/3W ) + ..., (6.10)
where U, V,W are order one velocities. The no-slip conditions at the wall are U(X, 0, Z) =
V (X, 0, Z) = W (X, 0, Z) = 0. The W -velocity decays to zero as it approaches the core. More
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precisely, it is known to behave like D/Y as Y tends to infinity. Here D is a function of X and Z.
This sets the condition for the slip-velocity component w1 in the core. Since it has to be small com-
pared to the slip-velocity component u1, the term w1Z should become negligible compared to the
other terms in the continuity equation (6.1) in the core. Hence in the core the u-velocity behaves
like U0 + Re
−1/3∆1/3u1, v-velocity like Re−1/3∆−2/3v1 and the pressure p − P0 like Re1/3∆2/3p1.
In order to find the scale  of w1, the known expansions are substituted into the equation (6.4).
Anticipating a balance between the leading order term U0w1X and the pressure term Re
−1pz , the
value of  is found to be equal to Re−2/3∆2/3. Therefore, the final expansions in the core are:
(u, v, w, p− P0) ∼(U0, 0, 0, 0)
+ (Re−1/3∆1/3u1, Re−1/3∆−2/3v1, Re−2/3∆2/3w1, Re1/3∆2/3p1) + ...
(6.11)
Substituting these scales into the system (6.8), the leading order equations obtained are:
u1X + v1y = 0,
U0u1X + U
′
0v1 = 0,
U0v1X = −p1y,
U0w1X = −pZ .
(6.12)
Solving the above equations, the solutions obtained for the perturbation velocities are given by:
(u1(X, y, Z), v1(X, y, Z), w1(X, y, Z)) =
(
A(X,Z)U ′0(y),−A′(X,Z)U0(y),
− 1
U0
∫ ∞
−∞
pZ(s, y, Z) ds
)
,
(6.13)
with A(−∞, Z) = 0. These velocities merge with Poiseuille flow upstream as X tends to −∞. The
matching between the lower wall layer and the core gives the conditions U → λ(Y +A(X,Z)) and
λDX/Y equal to negative of p1Z(X, 0, Z) as Y tends to infinity.
6.2.1 Smith’s ’77 structure
In this structure, the coordinates (x, z) are equal to (Re1/7X,Re1/7Z) with X,Z being finite.
The expansions and equations corresponding to each layer are given below.
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6.2.1.1 Channel core
In the core of the channel, the normal co-ordinate y is of order one and belongs to the interval
(0, 1). The expansions are:
(u, v, w, p− P0) ∼ (Re−2/7u1, Re−3/7v1, Re−4/7w1, Re3/7p1) + ... (6.14)
The leading order y and z-momentum equations are
p1(X, y, Z) = P (X,Z) +AXX(X,Z)
∫ y
0
U20 (s) ds,
U0w1X = −p1Z ,
(6.15)
where P (X,Z) = p1(X, 0, Z) is unknown with P (−∞, Z) = 0.
6.2.1.2 Wall layers
In the lower wall layer y scales like the wall layer thickness and is, thus, equal to Re−2/7Y where
Y ∼ O(1). The expansions are:
(u, v, w, p− P0) ∼ (Re−2/7U(X,Y, Z), Re−5/7V (X,Y, Z), Re−2/7W (X,Y, Z), Re3/7P (X,Z)) + ...
The leading order equations are:
UX + VY +WZ = 0,
UUX + V UY +WUZ = −P1X + UY Y ,
P1Y = 0,
UWX + VWY +WWZ = −P1Z +WY Y ,
(6.16)
with the boundary conditions
U = V = W = 0 at Y = hFL(X,Z),
U ∼ λ(Y +A(X,Z)), W → D/Y with λDX = −PZ as Y →∞,
U → λY as X → −∞.
(6.17)
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In the upper wall layer, the y-coordinate is pointed into the core of the channel as shown in
Figure 2.3 and is equal to 1 − Re−2/7Y˜ . The expansions have the same form as the lower wall
layer but with the v-velocity expansion replaced by −Re−5/7V (X, Y˜ , Z). The negative sign in the
v-velocity expansion negates the negative sign in the y-coordinate in the upper wall layer leading
to a system of equation similar to (6.16)
U˜X + V˜Y˜ + W˜Z = 0,
U˜ U˜X + U˜ V˜Y˜ + W˜ U˜Z = −P˜X + U˜Y˜ Y˜ ,
P˜Y˜ = 0,
U˜W˜X + U˜W˜Y˜ + W˜W˜Z = −P˜Z + W˜Y˜ Y˜ ,
(6.18)
and the boundary conditions being
U˜ = V˜ = W˜ = 0 at Y˜ = hFU (X,Z),
U˜ ∼ λ(Y˜ −A(X,Z)), W˜ → D˜/Y˜ with λD˜X = −P˜Z as Y˜ →∞,
U˜ → λY˜ as X → −∞.
(6.19)
The wall layer pressures are connected through the core via (6.15):
P˜ (X,Z) = P (X,Z) + κAXX(X,Z) (6.20)
where κ =
∫ 1
0 U
2
0 (s) ds = 1/120.
6.2.2 Linearization for shallow wall geometry
The wall layer equation systems (6.16)- (6.20) are linearized by introducing a small perturbation
to the lower and upper wall layers, respectively. The perturbed variables in the lower wall layer
are:
(U, Vˆ ,W, P,A) ∼(λη, 0, 0, 0)
+ h(uL(X, η, Z), vL(X, η, Z), XL(X, η, Z), pL(X,Z), a(X,Z)) + ...,
(6.21)
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where h is smaller than unity. The linearised system in the lower wall layer becomes:
uLX + vLη + wLZ = 0,
ληuLX + λvL = −pLX + uLηη,
ληwLX = −pLZ + wLηη,
(6.22)
with the no-slip conditions uL(X, 0, Z) = vL(X, 0, Z) = wL(X, 0, Z) = 0 and the far-field conditions
uL → λ(FL(X,Z) + a(X,Z)), wL → 0 as η →∞.
In order to solve the above three dimensional system with ease, Smith’s transformation [21]
is used which transforms the three dimensional system to two dimensional form by using the
transformation:
u¯ = uX + wZ , v¯ = vX . (6.23)
Hence taking the X-derivative of the X-momentum and Z-derivative of the Z-momentum and
adding them together gives the equation
ληu¯LX + λv¯L = −QL + u¯Lηη,
where QL is the Laplacian of the pressure pL(X,Z). Therefore, the transformed system in the
lower wall layer becomes:
u¯LX + v¯Lη = 0,
ληu¯LX + λv¯L = −QL + u¯Lηη,
(6.24)
with boundary conditions u¯L(X, 0, Z) = v¯L(X, 0, Z) = 0, u¯L → λ(FLX(X,Z) + aX) as η →∞.
Similarly, in the upper wall layer, the linearized and transformed system takes the form:
u¯UX + v¯Uη˜ = 0,
λη˜u¯UX + λv¯U = −QU + u¯Uη˜η˜,
(6.25)
whereQU is equal to Laplacian of pU (X,Z). The boundary conditions are u¯U (X, 0, Z) = v¯U (X, 0, Z) =
0, u¯U → λ(FUX(X,Z) − aX) as η˜ → ∞. The transformed Laplacian of the wall pressures are
connected through the core via the equation:
QU = QL + κ(aXXXX + aXXZZ). (6.26)
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Fourier transform is used to analyse the linear systems like in the two dimensional cases. The
definitions used for Fourier transform and inverse Fourier transform are given, respectively by:
F ∗(α, β) =
∫ ∞
−∞
∫ ∞
−∞
F (X,Z)e−i(αX+βZ) ∂X∂Z,
F (X,Z) =
(
1
2pi
)2 ∫ ∞
−∞
∫ ∞
−∞
F ∗(α, β)ei(αX+βZ) ∂α∂β,
(6.27)
where α and β are the transformed variables corresponding to X and Z, respectively. The ′∗′
symbol represents the transformed function. The transformation of the partial derivatives of the
function are given by (
∂F
∂X
)∗
(α, β) = iαF ∗(α, β),(
∂F
∂Z
)∗
(α, β) = iβF ∗(α, β),(
∂2F
∂X2
+
∂2F
∂Z2
)∗
(α, β) = −(α2 + β2)F ∗(α, β).
(6.28)
Applying the definitions of Fourier transform and the derivatives, the transformed system in the
lower wall layer along with the no-slip and far field conditions become:
iαu∗L + v
∗
Lη = 0,
iαληu∗L + λv
∗
L = −Q∗L + u∗Lηη,
u∗L(α, 0, β) = v
∗
L(α, 0, β) = 0,
u∗L → iαλ(F ∗L(α, β) + a∗(α, β)) as η →∞.
(6.29)
Likewise, the transformed, linearized system in the upper wall layer becomes:
iαu∗U + v
∗
Uη˜ = 0,
iαλη˜u∗U + λv
∗
U = −Q∗U + u∗Uη˜η˜,
u∗U (α, 0, β) = v
∗
U (α, 0, β) = 0,
u∗U → iαλ(F ∗U (α, β)− a∗(α, β)) as η˜ →∞.
(6.30)
The core is governed by the pressure-displacement interaction:
Q∗U = Q
∗
L + κα
2(α2 + β2)a∗. (6.31)
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These Fourier transformed systems are solved as in section 3.2. In the lower wall layer the solutions
are:
u∗L = 3
(
iα
2
)4/3
(F ∗L + a
∗)
∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds,
Q∗L = u
∗
Lηη(0) = 3 Ai
′(0)
(iα)
2
5/3
(F ∗L + a
∗),
(6.32)
and in the upper wall layer are:
u∗U = 3
(
iα
2
)4/3
(F ∗U − a∗)
∫ η
0
Ai
[(
iα
2
)1/3
s
]
ds,
Q∗U = 3 Ai
′(0)
(iα)
2
5/3
(F ∗U − a∗).
(6.33)
Substituting the values of Q∗L and Q
∗
U into (6.31) the transformed displacement function is given
by:
a∗ =
θ(F ∗U − F ∗L)
2θ + κα2(α2 + β2)
, (6.34)
where θ is equal to 3 Ai ′(0) (iα)2
5/3
. The transformed pressures in each layer are given by the
relations:
p∗L = −Q∗L/(α2 + β2),
p∗U = −Q∗U/(α2 + β2).
(6.35)
6.3 MHD flow with moderate magnetic field strength
The procedure followed in section 4.1 has been used here. With increasing value of Ha, the
Hartmann solution (2.9) tends to 1/(2Ha). One major new feature is that the perturbation velocities
in the core u1 and v1 become small while w1 tends to infinity.
6.3.1 Wall layers
The expansions in the lower wall layer are therefore:
(x, y, z) ∼ (Re1/7Ha−6/7X,Re−2/7Ha−2/7Y,Re1/7Ha−6/7Z),
(u, v, w, p− P0) ∼ (Re−2/7Ha−2/7U,Re−5/7Ha2/7V,Re−2/7Ha−2/7W,Re3/7Ha−4/7P ) + ...
(6.36)
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The magnetic field components in the lower wall layer are:
Bx ∼ Re−4/7Ha−4/7Rm
[
(c1 − λA)Y − λY
2
2
−
∫ Y
0
(U − λs− λA) ds)
]
+ ...,
By ∼ Re−1Rm
[
(d1 − V0(X))Y + λA′(X)Y
2
2
−
∫ Y
0
(V + λA′(X)s− V0(X)) ds
]
+ ...,
Bz ∼ Re−4/7Ha−4/7Rm
[
−
∫ Y
0
W ds
]
+ ...
(6.37)
Therefore, the equations in the lower wall layer are:
UX + VY +WZ = 0,
UUX + V UY +WUZ = −PX + UY Y ,
PY = 0,
UWX + VWY +WWZ = −PZ +WY Y ,
(6.38)
with the boundary conditions
U = V = W = 0 at Y = hFL(X,Z),
U ∼ λ(Y +A(X,Z)), W → D/Y with λDX = −PZ as Y →∞,
U → λY as X → −∞.
(6.39)
In the upper wall layer, the equation system is:
U˜X + V˜Y¯ + W˜Z = 0,
U˜ U˜X + U˜ V˜Y˜ + W˜ U˜Z = −P˜X + U˜Y˜ Y˜ ,
P˜Y˜ = 0,
U˜W˜X + U˜W˜Y˜ + W˜W˜Z = −P˜Z + W˜Y˜ Y˜ ,
(6.40)
with the boundary conditions
U˜ = V˜ = W˜ = 0 at Y˜ = hFU (X,Z),
U˜ ∼ λ(Y˜ −A(X,Z)), W˜ → D˜/Y˜ with λD˜X = −P˜Z as Y˜ →∞,
U˜ → λY˜ as X → −∞.
(6.41)
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6.3.2 Hartmann layers
The expansions in the lower Hartmann layer are:
(x, y, z) ∼(Re1/7Ha−6/7X,Ha−1y¯, Re1/7Ha−6/7Z)
(u, v, w, p− P0) ∼(Ha−1U¯0(y¯), 0, 0, 0)
+ (Re−2/7Ha−2/7u¯1, Re−3/7Ha−3/7v¯1, Re−4/7Ha3/7w¯1Re3/7Ha−4/7P¯ ) + ...,
(6.42)
where U¯0(y¯) =
1
2(1 − e−y¯) is the scaled Hartmann velocity in the lower Hartmann layer. The
magnetic field components are:
Bx ∼ Ha−2Rm
[
−λy¯ −
∫ y¯
0
(U¯0 − λ) ds)
]
+ ...,
By ∼ Re−3/7Ha−10/7Rm
[∫ y¯
0
v¯1 ∂s
]
+ ...,
Bz ∼ Re−4/7Ha−4/7Rm
[
c1y¯ −
∫ y¯
0
w¯1 ds
]
+ ...
(6.43)
The leading order equation system in the lower Hartmann layer :
u¯1X + v¯1y¯ = 0,
U¯0u¯1X + U¯
′
0v¯1 = 0,
P¯y¯ = 0,
U¯0w¯1X = −P¯Z ,
(6.44)
with the solution
(u¯1, v¯1, w¯1) =
(
U¯ ′0A(X,Z),−U¯0AX(X,Z),−
1
U¯0
∫ ∞
−∞
P¯Z(s, Z) ds
)
. (6.45)
This sets the matching condition U → λ(Y + A(X,Z)) and W → D(X,Z)/Y with λDX =
−PX(X,Z) between the lower wall layer and the lower Hartmann layer.
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Similarly, in the upper Hartmann layer, the normal coordinate is y = 1−Ha−1yˆ and the leading
order equation system is:
uˆ1X + vˆ1yˆ + wˆ1X = 0,
Uˆ0uˆ1X + Uˆ ′0vˆ1 = 0,
Pˆyˆ = 0,
Uˆ0wˆ1X = −PˆZ ,
(6.46)
with the solution
(uˆ1, vˆ1, wˆ1) =
(
Uˆ ′0B(X,Z),−Uˆ0BX(X,Z),−
1
Uˆ0
∫ ∞
−∞
PˆZ(s, Z) ds
)
, (6.47)
where the upstream velocity Uˆ0(yˆ) has the same expression as (4.11). The displacement function
B(X,Z) is the mirror image of A(X,Z). The matching condition U˜ → λ(Y˜ + B(X,Z)) and
W˜ → D˜(X,Z)/Y˜ with λD˜X = −P˜X(X,Z) between the upper wall layer and the Hartmann layer
sets the far-field condition for the upper wall layer.
6.3.3 Core
In the channel core, the normal coordinate y is in the interval (0, 1) and is of order one. The
expansions are:
(x, y, z) ∼ (Re1/7Ha−6/7X, y,Re1/7Ha−6/7Z),
(u, v, w, p− P0) ∼
(
1
2Ha
, 0, 0, 0
)
+ (Re−2/7Ha−9/7u1, Re−3/7Ha−3/7v1, Re−4/7Ha3/7w1, Re3/7Ha−4/7p1) + ...,
Bx ∼ Ha−1Rm(−λy) +Re−2/7Ha−9/7Rm
[
c1y − c2 −
∫ y
0
u1 ds
]
+ ...,
By ∼ 1 +Re−3/7Ha−3/7Rm
(
A′(X)
2
)
+ ...,
Bz ∼ Re−4/7Ha3/7Rm
[
c1y −
∫ y
0
w1 ds
]
+ ...
(6.48)
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The leading order equation system in the core is:
P˜ (X,Z) = P (X,Z) +
1
4
AXX ,
p1(X, 0, Z) = P¯ (X,Z),
p1(X, 1, Z) = Pˆ (X,Z).
(6.49)
6.3.4 Linearization for shallow wall geometry
The system of equations are identical to Smith’s 3D model, only difference being in the value
of κ. Hence the solutions are obtained in same manner as in the previous section with the κ value
being replaced by 1/4.
6.4 MHD flow with strong magnetic field
Setting Ha = Re1/6H as in section 5.2, x and z become equal to Re1/6X and Re1/6Z, respec-
tively.
6.4.1 Wall layers
The expansions in the lower wall layer are therefore:
(x, y, z) = (X,Re−1/3Y,Z),
(u, v, w, p− P0) ∼ (Re−1/3U,Re−2/3V,Re−1/3W,Re1/3P ) + ...,
Bx ∼ Re−2/3Rm
[
−λY
2
2
−
∫ Y
0
(U − λs− λA) ds)
]
+ ...,
By ∼ 1 +Re−1Rm
[
λA′(X)
Y 2
2
−
∫ Y
0
(V + λA′(X)s− V0(X)) ds
]
+ ...,
Bz ∼ Re−2/3Rm
[
−
∫ Y
0
W ds
]
+ ...,
(6.50)
where the velocity V0(X) is evaluated from the x-momentum equation λ
2AAX + λV0 = −PX .
Substituting all the expansions into the governing equations (6.1) - (6.3), the leading order equations
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in the lower wall layer are obtained:
UX + VY +WZ = 0,
UUX + V UY +WUZ = −PX + UY Y ,
PY = 0,
UWX + VWY +WWZ = −PZ +WY Y ,
(6.51)
along with the no-slip conditions at the wall U(X,hFL(X,Z), Z) = V (X,hFL(X,Z), Z) = W (X,hFL(X,Z), Z) =
0.
The equation system corresponding to the upper wall layer is:
U˜X + V˜Y˜ + W˜Z = 0,
U˜ U˜X + U˜ V˜Y˜ + W˜ U˜Z = −P˜X + U˜Y˜ Y˜ ,
P˜Y˜ = 0,
U˜W˜X + U˜W˜Y˜ + W˜W˜Z = −P˜Z + W˜Y˜ Y˜ ,
(6.52)
along with the no-slip conditions at the wall U˜(X,hFU (X,Z), Z) = V˜ (X,hFU (X,Z), Z) = W˜ (X,hFU (X,Z), Z) =
0.
6.4.2 Hartmann layers
Substitution of the Ha value given by (5.1) into the Hartmann layers (6.42) gives the expansions:
(x, y, z) = (X,Re−1/6y¯, Z),
(u, v, w, p− P0) ∼ (Re−1/6U¯0(y¯), 0, 0, 0) + (Re−1/3u¯1, Re−1/2v¯1, Re−1/2w¯1, Re1/3P¯ ) + ...,
(6.53)
where the upstream flow velocity is:
U¯0(y¯) =
1
2H
(1− exp(−Hy¯)). (6.54)
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The magnetic fields are given by:
Bx ∼ Re−1/3Rm
[
−λy¯ −
∫ y¯
0
(U¯0 − λ) ds)
]
+ ...,
By ∼ 1 +Re−2/3Rm
[∫ y¯
0
v¯1 ∂s
]
+ ...,
Bz ∼ Re−2/3Rm
[
−
∫ y¯
0
w¯1 ∂s
]
+ ...
(6.55)
Therefore, the leading order equation system in the lower Hartmann layer is:
u¯1X + v¯1y¯ = 0,
U¯0u¯1X + U¯
′
0v¯1 = 0,
P¯y¯ = 0,
U¯0w¯1X = −P¯Z ,
(6.56)
with the same solution as (6.45), setting the matching conditions U → λ(Y + A(X,Z)) and W →
D(X,Z)/Y with λDX = −PX(X,Z) between the lower wall layer and the lower Hartmann layer.
The system in the upper Hartmann layer is same as (6.46) with solution (6.47).
6.4.3 Core
The normal coordinate y in the channel core belongs to the interval (0, 1) and is of order one.
The upstream u-velocity (1/2Ha) becomes 1/(2H) with a scale factor of Re−1/6 by using the relation
(5.3). Therefore, the expansion in the core are:
(u, v, w, p− P0) ∼
(
Re−1/6
1
2H
, 0, 0, 0
)
+ (Re−1/2u1, Re−1/2v1, Re−1/2w1, Re1/3p1) + ... (6.57)
The magnetic field components are:
Bx ∼ Re−1/2BX + ...,
By ∼ 1 +Re−1/2BY + ...,
Bz ∼ 1 +Re−1/2BZ + ...,
(6.58)
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where the scaled components BX , BY and BZ satisfy the equations
Rm−1
[
∂2BX
∂X2
+
∂2BX
∂y2
+
∂2BX
∂z2
]
+ u1y = 0,
Rm−1
[
∂2BY
∂X2
+
∂2BY
∂y2
+
∂2BY
∂z2
]
+ v1y = 0,
Rm−1
[
∂2BZ
∂X2
+
∂2BZ
∂y2
+
∂2BZ
∂z2
]
+ w1y = 0.
(6.59)
The leading order equations obtained in the core by substituting all the expansions into the gov-
erning equations (2.4)-(2.6) are:
u1X + v1y + w1Z = 0,
1
2H
u1X = −p1X ,
1
2H
v1X = −p1y,
1
2H
w1X = −p1Z .
(6.60)
These equations when solved simultaneously give a Laplacian of pressure:
p1XX + p1yy + p1ZZ = 0. (6.61)
Solving the continuity and the x-momentum equations in the core simultaneously and using the
fact that the v-perturbation velocity remains constant across the Hartmann layer-core interface
give the boundary conditions for the y-derivative of the pressure:
p1y(X, 0, Z) =
AXX
4H2
,
p1y(X, 1, Z) = −BXX
4H2
,
(6.62)
where the displacement functions A(X,Z) and B(X,Z) are related by the relation:
A+B = 4H2
∫ 1
0
p1(X, s, Z) ds. (6.63)
This relation is obtained by integrating the y-momentum equation and using the boundary condi-
tions along with the upstream condition for the perturbation velocities and pressure.
Hence it can be concluded that the core flow has changed. Instead of the pressure being a linear
function of the normal coordinate as in the hydrodynamic flow and the MHD flow for moderate
magnetic field strength, the core is governed by a Laplace equation in pressure, as in the 2D flow.
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6.4.4 Linearization for shallow wall geometry
The linearized wall layer systems are similar to (6.24) and (6.25). The perturbed core pressure
becomes:
P ∼ hpc(X, y, Z) + ...
and the core is controlled by the linear system:
qXX + qyy + qZZ = 0,
qy(X, 0, Z) =
aXXXX + aXXZZ
4H2
,
qy(X, 1, Z) = −bXXXX + bXXZZ
4H2
,
q(X, 0, Z) = QL(X,Z), q(X, 1, Z) = QU (X,Z),
∆(a+ b) =
1
4H2
∫ 1
0
q(X, s, Z) ds,
(6.64)
where q is the Laplacian of pc. The Fourier transformed equation system in the lower wall and
upper wall layers are identical to (6.29) and (6.30). Thus the solutions are same as (6.32) and
(6.33). The Fourier transformed equation system in the core is:
q∗yy − (α2 + β2)q∗ = 0,
q∗y(α, 0, β) = (α
4 + α2β2)
a∗
4H2
,
q∗y(α, 1, β) = −(α4 + α2β2)
b∗
4H2
,
q∗(α, 0, β) = Q∗L, q
∗(α, 1, β) = Q∗U ,
(α2 + β2)(a∗ + b∗) =
1
4H2
∫ 1
0
q∗(α, s, β) ds,
(6.65)
where the solution q∗ = c1(α, β)e
√
α2+β2y + c2(α, β)e
−
√
α2+β2y, the functions c1 and c2 being
unknown. The procedure used to solve these functions and thereby solve the system is very much
similar to the one used in the two-dimensional situation given in the section 5.4. The linear system
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is given by: (
θ coth
(√
α2 + β2
)
+
α2
√
α2 + β2
4H2
)
a∗ − θ
sinh
(√
α2 + β2
)b∗
=
θ
sinh
(√
α2 + β2
) [F ∗U − F ∗L cosh (√α2 + β2)] ,
− θ
sinh
(√
α2 + β2
)a∗ +(θ coth (√α2 + β2)+ α2√α2 + β2
4H2
)
b∗
=
θ
sinh
(√
α2 + β2
) [F ∗L − F ∗U cosh (√α2 + β2)] ,
where the matrix
M =

(
θ coth
(√
α2 + β2
)
+
α2
√
α2+β2
4H2
)
− θ
sinh
(√
α2+β2
)
− θ
sinh
(√
α2+β2
) (θ coth (√α2 + β2)+ α2√α2+β2
4H2
)

on the left hand side of the equation is non-singular.
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CHAPTER 7. CONCLUSION
In this thesis, it was shown that the MHD flow structure is similar to the hydrodynamic structure
but on a shorter stream-wise length scale. A new flow structure, with stream-wise length scale
proportional to the channel width, evolves as the magnetic field strength is increased.
In Chapter 3, linear solutions for the hydrodynamic structure have been obtained using a Fourier
transform. Non-linear solutions have also been obtained using the Thomas algorithm, which is a
modified form of Gaussian elimination used for tri-diagonal systems for equations. Comparison
between the linear and non-linear solutions at very small heights shows good agreement. A magnetic
field of small, constant strength is introduced into the system and it is found that the flow behavior
remains essentially unchanged.
In Chapter 4, the magnetic field strength is gradually increased. It is seen that the flow structure
is retained as the scales of the wall distortion as well as the velocity and pressure are decreased 4.3.
Linear and non-linear solutions are shown to match at very small heights of the wall distortion.
It is clear, even from the solutions, that the flow behaviour remains similar to the hydrodynamic
flow on a shorter length scale. The linear free interaction, used to check flow properties, is found
to match the linear free interaction of the hydrodynamic structure as the magnetic field strength
is decreased.
In Chapter 5, a new flow structure is obtained when the magnetic field strength reaches the
point 5.1. The main change is seen in the core of the flow which affects the way the two wall
layers couple. In the previous two structures, the wall layer pressures are seen to interact through
a linear pressure-displacement interaction. In this new structure, the coupling takes place via the
core pressure, the Laplace equation of which governs the core. The flow change is further verified
by linear solutions and linear free interaction.
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In Chapter 6, a start has been made to extend the two dimensional analysis to three dimensions
by including a span-wise length scale of same order as stream-wise length scale. It was seen that
the flow structures overall remain similar to two dimensions. Linearization using Fourier transform
have been discussed. Obtaining linear solutions and comparing with two dimensional solutions
remain as a part of future work.
68
BIBLIOGRAPHY
[1] Alfve´n, H. (1950). Cosmical electrodynamics. Oxford University Press,London,New York.
[2] Branover, H., Vasil’ev, H. and Gelfgat, Y. (1967). Hydraulic resistance of MHD pipes. Mag-
nitnaya Gidrodynamica, 4 (3), 1.
[3] Chang, C., Lundgren, P. (1961). Duct flow in magnetohydrodynamics. Zeitschrift f’´ur ange-
wandte Mathematik und Physik ZAMP, 12 (2)100–114.
[4] Hartmann, J. (1937). Hg-Dynamics I Theory of the laminar flow of an electrically conductive
liquid in a homogeneous magnetic field. Det Kgl. Danske Videnskabernes Selskab. Mathematisk-
fysiske Meddelelser, 15 (6), 1–27.
[5] Hartmann, J. and Lazarus, F. (1937). Hydromagnetic flow past a parallel porous plate. Det
Kgl. Danske Videnskabernes Selskab. Mathematisk-fysiske Meddelelser, 15 (7).
[6] Hunt, J, C. R. (1965). Magnetohydrodynamic flow in rectangular ducts. Journal of Fluid
Mechanics, 21, 577–590.
[7] Ikbal, Md. A., et al (2009). Unsteady response of non-Newtonian blood flow through a stenosed
artery in magnetic field. Journal of Computational and Applied Mathematics, 230 (1), 243–259.
[8] Lee, J. S. & Fung, J. L.(1971). Flow in nonuniform small blood vessels. Microvascular Research,
3 (3), 272–287.
[9] Mu¨ller, U. & Bu¨hler, L. (2001). Magnetofluiddynamics in channels and containers. Springer.
[10] Munsi, M., Rothmayer, A. P. & Sacks, P. (2017). Magnetohydrodynamic flow in channels
with cross-channel pressure interaction. Contributions to the Foundations of Multidisciplinary
Reseach in Mechanics. 2, 538–539.
69
[11] Murgatroyd, W. (1953). Experiments on magneto-hydrodynamic channel flow. Philosophical
Magazine, 44, 1348–1354.
[12] Raptis, A., Xenos, M., Tzirtzilakis, E., Matsagkas, M. (2014). Finite element analysis of
magnetohydrodynamic effects on blood flow in an aneurysmal geometry. Physics of Fluids, 26.
[13] Reyhner, T. A., Flu¨gge-Lotz, I. (1968). The interaction of a shock wave with a laminar
boundary layer. International Journal of Non-Linear Mechanics, 3 (2), 173–199.
[14] Rothmayer, A. P. (2014). Magnetohydrodynamic channel flows with weak transverse magnetic
fields. Philosophical Transactions of the Royal Society A, 372 (2020).
[15] Shercliff, J. A. (1953). Steady motion of conducting fluids in pipes under transverse magnetic
fields. Proceedings of the Cambridge Philosophical Society, 49, 136–144.
[16] Smith, F. T. (1976). Flow through constricted or dilated pipes and channels: Part 1. The
Quarterly Journal of Mechanics and Applied Mathematics, 29 (3), 343–364.
[17] Smith, F. T. (1976). Flow through constricted or dilated pipes and channels: Part 2. The
Quarterly Journal of Mechanics and Applied Mathematics, 29 (3), 365–376.
[18] Smith, F. T. (1977). Upstream interactions in channel flows. Journal of Fluid Mechanics,
79 (4), 631–655.
[19] Smith, F. T. (1979). Flow through symmetrically constricted tubes. IMA Journal of Applied
Mathematics, 21, 145–156.
[20] Smith, F. T. (1979). The separating flow through a severely constricted symmetric tube.
Journal of Fluid Mechanics, 90 (4), 725–754.
[21] Smith, F. T. (1983). Properties, and a finite difference approach, for interactive three dimen-
sional boundary layers. UTRC Report 83-46
70
[22] Smith, F. T., Dennis, S. C. R. (1980). Steady flow through a channel with a symmetrical
constriction in the form of a step. Proceedings of Royal Society A, 372, 393–414.
[23] Smith, F. T., Duck, P. W. (1980). On the severe nonsymmetric constriction, curving or cor-
nering of channel flows. Journal of Fluid Mechanics, 90 (4), 727–753.
[24] Smith, F. T. (1980). A three-dimensional boundary layer separation. Journal of Fluid Me-
chanics, 99, 185–224.
[25] Smith, F. T., Brighton, P.W.M., Jackson,P.S., Hunt, J.C. R. (1981). On boundary layer flow
past two dimensional obstacles. Journal of Fluid Mechanics, 113, 123–152.
[26] Smith, F. T. (1982). On the high Reynolds number theory of laminar flows. IMA Journal of
Applied Mathematics, 28, 207–281.
[27] Smith, F. T. (2012). On internal fluid dynamics. Bulletin of Mathematical Sciences, 1, 125–
180.
[28] Sobey, I. J. (2000). Introduction to interactive boundary layer theory. Oxford University Press
[29] Stewartson, K. & Williams, P. G. (1969). Self-induced separation. Proceedings of Royal Society
A, 312 (1509), 181-206.
[30] Stewartson, K. (1970). On supersonic laminar boundary layers near convex corners. Proceed-
ings of Royal Society A, 312 (1538), 289–305.
[31] Sykes, R. I. (1980). On three-dimensional boundary layer flow over surface irregularities. Pro-
ceedings of Royal Society A, 373, 311–329.
[32] Tabeling, P. (1982). Magnetohydrodynamic flows in rectilinear ducts of rectangular cross-
section: the question of the corners. Journal de Me´canique The´oretique et Appliquee´e, 1 (1),
25–38.
71
[33] Temperley, D.J. and Todd, L. (1971). The effect of wall conductivity in magnetohydrodynamic
duct flow at high Hartmann number. Proceedings of the Cambridge Philosophical Society, 69,
337–351.
[34] Walker, J., S. (1981). Magnetohydrodynamic flows in rectangular ducts with thin conducting
walls. Journal de Me´canique, 20 (1), 79–112.
[35] Xenos, M. A. (2013). MHD effects on blood flow in a stenosis. Advances in Dynamical Systems
and Applications, 8 (2), 427–437.
72
APPENDIX. ADDITIONAL MATERIAL
In this section, we have detailed derivations of the relations and expressions discussed in the
thesis.
1. Hydrodynamic flow
The perturbation velocities u1 and v1 in the hydrodynamic structure are obtained by substi-
tuting the core expansions
(u, v, p− P0) = (U0, 0, 0) + (Re−1/3∆1/3u1, Re−1/3∆−2/3v1, Re1/3∆2/3p1). (.1)
into the governing equations
∇ · V = 0, V · ∇V = Re−1[−∇p+∇2V ]. (.2)
The leading order equations obtained are:
u1X + v1y = 0,
U0u1X + U
′
0v1 = 0,
(.3)
Solving the two equations simultaneously, we obtain:
U ′0v1 − U0v1y = 0,
=⇒ U20
∂
∂y
(
v1
U0
) = 0,
=⇒ v1 = −U0(y)A′(X), u1 = U ′0(y)A(X),
(.4)
as shown in (2.18).
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1.1. Linear free interaction
For the linear free interaction analysis, a perturbation of magnitude  is introduced to the wall
layers. In the lower wall layer, the expansions are:
(U, V, P ) = (λY, 0, 0) + (up(Y ), vp(Y ), pp)e
θX +O(e2θX),
A(X) = ape
θX +O(e2θX),
(.5)
where ap = ±1. Substituting these expansions in the lower wall layer equation system given by
UX + VY = 0,
UUX + V UY = −P1X + UY Y ,
P1Y = 0,
(.6)
the linear system obtained is:
v′p = −θup,
λθY up + λvp = −θpp + u′′p,
(.7)
with boundary conditions: up(0) = vp(0) = 0, up(Y ) → λap as Y → ∞. Differentiating the
momentum equation in (.7) with respect to Y we get the Airy equation in u′p
u′′′p − λθY u′p = 0 (.8)
=⇒ up(Y ) = C1
∫ Y
0
Ai (ms) ds+ C2
∫ Y
0
Bi (ms) ds, where m = (λθ)1/3. (.9)
Since up is finite as Y → ∞, the constant C2 is set to zero to nullify the growing effect of
Bi (Y ). Therefore the perturbation velocity up(Y ) is equal to C1
∫ Y
0 Ai (ms) ds. Let the inte-
gral
∫ Y
0 Ai (ms) ds = f
′
1(Y ). Therefore, up(Y ) can be written as C1f
′
1(Y ).
From (.7) we get vp(Y ) = −θC1f1(Y ) since f1(0) = 0.
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From the far-field condition up(Y )→ λap as Y →∞ we get:
C1
∫ ∞
0
Ai (ms) ds = λap
=⇒ λap = C1
3m
=⇒ λap
C1
=
1
3m
.
(.10)
From (.7), at Y = 0
θpp = u
′′
p(0)
=⇒ pp = C1m
θ
Ai ′(0),m = (λθ)1/3.
(.11)
Similarly, in the upper wall layer the expansions are:
(U˜ , V˜ , P˜ ) = (λY˜ , 0, 0) + (u˜p(Y˜ ), v˜p(Y˜ ), p˜p)e
θX +O(e2θX), (.12)
with boundary conditions: u˜p(0) = v˜p(0) = 0, u˜p(Y˜ ) → −λap as Y˜ → ∞. The perturbation
velocity and pressure are:
u˜p(Y˜ ) = C˜1
∫ Y˜
0
Ai (ms) ds = C˜1f˜
′
1(Y˜ ),
v˜p(Y˜ ) = −θC˜1f˜1(Y˜ ),
p˜p =
C˜1m
θ
Ai ′(0),
(.13)
where
∫ Y˜
0 Ai (ms) ds = f˜
′
1(Y˜ ). The displacement function and the constant C˜1 has the relation
λap
C˜1
= − 1
3m
. (.14)
From the core pressure-displacement interaction P˜ (X, y) = P (X) + A′′(X)
∫ y
0 U
2
0 (s) ds we get
the linear equation:
p˜p = pp +
θ2
120
ap
=⇒ C˜1m
θ
Ai ′(0) =
C1m
θ
Ai ′(0) +
θ2
120
ap
=⇒ C˜1 = C1 + θ
3
120mAi ′(0)
C1
3λm
=⇒ C˜1
C1
= 1 +
2θ7/3
360λ2/3 Ai ′(0)
.
(.15)
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From (.10) and (.14) we get:
θ7/3
360λ2/3 Ai ′(0)
= −1
=⇒ θ = 2[−45 Ai ′(0)]3/7 ≈ 5.727...
(.16)
1.2. Thomas algorithm
The Thomas algorithm, also known as tri-diagonal matrix algorithm, is used to solve linear
systems, often as part of an iterative scheme for non-linear systems of equations. It is a simplified
form of Gaussian elimination and can be used on tri-diagonal system of equations. A tri-diagonal
system for M unknowns can be written as :
AjXj−1 +BjXj + CjXj+1 = Dj , j = 1, ...,M − 1 (.17)
with boundary conditions :
ALX1 +BLX2 = DL,
AUXM +BUXM−1 = DU .
(.18)
The tri-diagonal system hence obtained is:
AL BL 0 . . . 0
A2 B2 C2 0 . . 0
. . . . . . .
. . . . . . .
. . . . . . CM−1
. . . . 0 BU AU

×

X1
X2
.
.
XM−1
XM

=

DL
D2
.
.
DM−1
DU

.
The tri-diagonal system is solved using a recursion relation:
Xj = RjXj−1 + Sj , (.19)
which when substituted in (.17) gives the recursive relation
Rj = −(Bj + Cj−1Rj+1)−1Aj , Sj = (Bj + Cj−1Rj+1)−1(Dj − CjSj+1). (.20)
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This recursive relation is started by using the values of RM and SM which are obtained from the
second boundary condition in (.18)
RM = −AU−1BU, SM = AU−1DU. (.21)
In order to solve for the unknowns Xj , the value of X1 is used which is found using the relation:
X1 = (AL+BL×R2)−1(DL−BL× S2). (.22)
1.2.1. Linear solution method
The equation system in the lower wall layer after application of Prandtl’s transposition is:
UX + Vˆη = 0,
UUX + Vˆ Uη = −PX + Uηη,
Pη = 0,
(.23)
with the boundary conditions: U(X, 0) = Vˆ (X, 0) = 0, where Vˆ = V − hUF ′L, U → λ(η + hFL) as
η →∞.
In order to linearise it, a perturbation of magnitude h << 1 is introduced to the system. Hence
the expansions are:
(U, V, P,A) = (λη, 0, 0, 0) + h(uL(X, η), vL(X, η), pL(X), a(X)) + ... (.24)
The linear system obtained by substituting the above expansions in (.23) is:
uL,X + vL,η = 0
ληuL,X + λvL = −p′L + uL,ηη,
(.25)
with no-slip conditions uL(X, 0) = 0, vL(X, 0) = 0 and far-field condition uL → λ(FL(X) + a(X))
as η →∞.
Similarly, in the upper wall layer the linear system is:
u˜U,X + v˜U,η˜ = 0,
λη˜u˜U,X + λv˜U = −p˜′U + u˜U,η˜η˜,
(.26)
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with no-slip conditions u˜U (X, 0) = 0, v˜U (X, 0) = 0 and far-field condition u˜U → λ(FU (X)− a(X))
as η˜ →∞.
The two wall layers are connected by the equation:
p˜U = pL + κa
′′. (.27)
A second-order finite differencing scheme is used. Any point in the rectangular grid (X, η) is
represented as (Xi, ηj) where i = 0, ...,M and j = 0, ..., Nt. The lower wall layer is indexed by
j = 0, ..., N , and upper wall layer by j = N + 1, ..., Nt.
The uL,X term in the continuity equation is finite differenced about (i, j − 12) in a second order
backward scheme. Therefore, the continuity equation is:
uL,X + vL,η = 0
=⇒ 3uL,i,j−1
4∆X
+
3uL,i,j
4∆X
− vL,i,j−1
∆η
+
vL,i,j
∆η
=
uL,i−1,j + uL,i−1,j−1
∆X
− uL,i−2,j + uL,i−2,j−1
4∆X
.
Hence the system in lower wall layer is:
3uL,i,j−1
4∆X
− vL,i,j−1
∆η
+
3uL,i,j
4∆X
+
vL,i,j
∆η
=
uL,i−1,j + uL,i−1,j−1
∆X
− uL,i−2,j + uL,i−2,j−1
4∆X
,
− 1
(∆η)2
uL,i,j−1 +
(
3ληj
2∆X
+
2
(∆η)2
)
uL,i,j + λvL,i,j +
3
2∆X
pL,i,j − 1
(∆η)2
uL,i,j+1
= ληj
(
4uL,i−1,j − uL,i−2,j
2∆X
)
+
4pL,i−1,j − pL,i−2,j
2∆X
,
− pL,i,j + pL,i,j+1 = 0.
(.28)
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1.2.2. Non-linear solution method
The non-linear equation system in the lower wall layer after application of Prandtl’s transposi-
tion is:
UX + Vˆη = 0,
UUX + Vˆ Uη = −PX + Uηη,
Pη = 0,
(.29)
with the boundary conditions: U(X, 0) = Vˆ (X, 0) = 0,where Vˆ = V − hUF ′L, U → λ(η + hFL) as
η →∞.
A second-order finite differencing scheme is used. Any point in the rectangular grid (X, η) is
represented as (Xi, ηj) where i = 0, ...,M and j = 0, ..., Nt. The lower wall layer is indexed by
j = 0, ..., N , and upper wall layer by j = N + 1, ..., Nt.
The UX term in the continuity equation is finite differenced about (i, j − 12) in a second order
backward scheme. Therefore, the continuity equation is:
UX + Vˆη = 0
=⇒ 3Ui,j−1
4∆X
+
3Ui,j
4∆X
− Vˆi,j−1
∆η
+
Vˆi,j
∆η
=
Ui−1,j + Ui−1,j−1
∆X
− Ui−2,j + Ui−2,j−1
4∆X
.
The UUX term in the X-momentum equation is linearised using Newton linearization and
becomes:
UUX ∼ UgUgX + (U − Ug)UgX + (UX − UgX)Ug
= UUgX + U
gUX − UgUgX
= Ui,jU
g
X + U
g 3Ui,j − 4Ui−1,j + Ui−2,j
2∆X
− UgUgX .
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The X-momentum equation becomes:
ω ∗ UUX + Vˆ Uη = −PX + Uηη
=⇒ ω
[
Ui,jU
g
X + U
g 3Ui,j − 4Ui−1,j + Ui−2,j
2∆X
− UgUgX
]
+ Vˆi,jU
g
η + Vˆ
gUi,j+1 − Ui,j−1
2∆η
− Vˆ gUgη
=− 3Pi,j − 4Pi−1,j + Pi−2,j
2∆X
+
Ui,j+1 − 2Ui,j + Ui,j−1
(∆η)2
=⇒
(
− Vˆ
g
2∆η
− 1
(∆η)2
)
Ui,j−1 +
(
ω
(
UgX +
3Ug
2∆X
)
+
2
(∆η)2
)
Ui,j + U
g
η Vˆi,j +
3
2∆X
Pi,j
+
(
Vˆ g
2∆η
− 1
(∆η)2
)
Ui,j+1
= ωUg
(
4Ui−1,j − Ui−2,j
2∆X
+ UgX
)
+ Vˆ gUgη +
4Pi−1,j − Pi−2,j
2∆X
.
The η-momentum equation is:
−Pη = 0
=⇒ −Pi,j + Pi,j+1 = 0.
Writing these equations in matrix form we get:
3
4∆X − 1∆η 0(
− Vˆ g2∆η − 1(∆η)2
)
0 0
0 0 0


Uj−1
Vˆj−1
Pj−1
+

3
4∆X
1
∆η 0
ω
(
UgX +
3Ug
2∆X
)
+ 2
(∆η)2
Ugη
3
2∆X
0 0 −1


Uj
Vˆj
Pj

+

0 0 0(
Vˆ g
2∆η − 1(∆η)2
)
0 0
0 0 1


Uj+1
Vˆj+1
Pj+1

=

Ui−1,j+Ui−1,j−1
∆X −
Ui−2,j+Ui−2,j−1
4∆X
ωUg
(
4Ui−1,j−Ui−2,j
2∆X + U
g
X
)
+ Vˆ gUgη +
4Pi−1,j−Pi−2,j
2∆X
0
 ,
where the unknown Xj is equal to

Uj
Vˆj
Pj
.
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Hence in the recursion relation AjXj−1 +BjXj + CjXj+1 = Dj each of the matrices are given
by:
Aj =

3
4∆X − 1∆η 0(
− Vˆ g2∆η − 1(∆η)2
)
0 0
0 0 0
 , Bj =

3
4∆X
1
∆η 0
ω
(
UgX +
3Ug
2∆X
)
+ 2
(∆η)2
Ugη
3
2∆X
0 0 −1

Cj =

0 0 0(
Vˆ g
2∆η − 1(∆η)2
)
0 0
0 0 1
 , Dj =

Ui−1,j+Ui−1,j−1
∆X −
Ui−2,j+Ui−2,j−1
4∆X
ωUg
(
4Ui−1,j−Ui−2,j
2∆X + U
g
X
)
+ Vˆ gUgη +
4Pi−1,j−Pi−2,j
2∆X
0
.
The lower boundary condition Ui,0 = Vˆi,0 = 0, −Pi,0 + Pi,0 = 0 written in matrix form becomes:

1 0 0
0 1 0
0 0 −1
 ∗

Ui0
Vˆi0
Pi0
+

0 0 0
0 0 0
0 0 1


Ui1
Vˆi1
Pi1
 = 0,
with AU =

1 0 0
0 1 0
0 0 −1
, BU =

0 0 0
0 0 0
0 0 1
 and DU = 0.
The lower wall layer-core interface is governed by the continuity, X-momentum equations and
the far-field condition coupled with the pressure-displacement interaction. The coupling between
the far-field condition U → λ(η+hFL) and the pressure-displacement interaction P˜ (X, y) = P (X)+
A′′(X)
∫ y
0 U
2
0 (s) ds is done through the displacement function A(X). It is given by the formula
Ai =
∆X2
2κ
[Pi,N − Pi,N+1] + Ai−1 +Ai+1
2
(.30)
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Hence the equations at the interface are:
Ui,N − λ∆X
2
2κ
Pi,N +
λ∆X2
2κ
Pi,N+1 = λ[ηN + hFL(i) +
Ai−1 +Ai+1
2
],(
3Ug
2∆X
+ UgX
)
Ui,N + λVˆi,N +
3
2∆X
Pi,N = U
g
(
4Ui−1,N − Ui−2,N
2∆X
+ UgX
)
+
4Pi−1,N − Pi−2,N
2∆X
,
3Ui,N−1
4∆X
− Vˆi,N−1
∆η
+
3Ui,N
4∆X
+
Vˆi,N
∆η
=
Ui−1,N + Ui−1,N−1
∆X
− Ui−2,N + Ui−2,N−1
4∆X
.
(.31)
In matrix form, these equations are given by:
0 0 0
0 0 0
3
4∆X
−1
∆η 0
 ∗

Ui,N−1
Vˆi,N−1
Pi,N−1
+

1 0 −λ∆X22κ(
3Ug
2∆X + U
g
X
)
λ 32∆X
3
4∆X
1
∆η 0
 ∗

UiN
VˆiN
PiN

+

0 0 λ∆X
2
2κ
0 0 0
0 0 0
 ∗

UiN+1
VˆiN+1
PiN+1

=

λ[ηN + hFL(i) +
Ai−1+Ai+1
2 ]
Ug
(
4Ui−1,N−Ui−2,N
2∆X + U
g
X
)
+
4Pi−1,N−Pi−2,N
2∆X
Ui−1,N+Ui−1,N−1
∆X −
Ui−2,N+Ui−2,N−1
4∆X
 .
In the upper wall layer, the equations look similar to the lower wall layer’s but the direction is
inverted. Hence any point indexed as (i, j − 1) in the lower layer becomes (i, j + 1) and vice versa
in the upper wall layer. So, the Aj and Cj matrices in the lower wall layer get interchanged in the
upper wall layer. Therefore, equations in matrix form for the intermediate points in the upper wall
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layer are given by:
0 0 0
( Vˆ
g
2∆η − 1(∆η)2 ) 0 0
0 0 1
 ∗

Uj−1
Vˆj−1
Pj−1
+

3
4∆X
1
∆η 0
ω
(
UgX +
3Ug
2∆X
)
+ 2
(∆η)2
Ugη
3
2∆X
0 0 −1
 ∗

Uj
Vˆj
Pj

+

3
4∆X − 1∆η 0(
− Vˆ g2∆η − 1(∆η)2
)
0 0
0 0 0
 ∗

Uj+1
Vˆj+1
Pj+1

=

Ui−1,j+Ui−1,j+1
∆X −
Ui−2,j+Ui−2,j+1
4∆X
ωUg
(
4Ui−1,j−Ui−2,j
2∆X + U
g
X
)
+ Vˆ gUgη +
4Pi−1,j−Pi−2,j
2∆X
0
 .
The upper wall layer-core interface is governed by the equations:

0 0 λ∆X
2
2κ
0 0 0
0 0 0
 ∗

Ui,N
Vˆi,N
Pi,N


1 0 −λ∆X22κ(
3Ug
2∆X + U
g
X
)
λ 32∆X
3
4∆X
1
∆η 0
 ∗

UiN+1
VˆiN+1
PiN+1

+

0 0 0
0 0 0
3
4∆X
−1
∆η 0
 ∗

Ui,N+2
Vˆi,N+2
Pi,N+2

=

λ(ηN+1 + hFu(i)− Ai−1+Ai+12 )
Ug
(
4Ui−1,N+1−Ui−2,N+1
2∆X + U
g
X
)
+
4Pi−1,N+1−Pi−2,N+1
2∆X
Ui−1,N+1+Ui−1,N+2
∆X −
Ui−2,N+1+Ui−2,N+2
4∆X
 .
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2. MHD flow with magnetic field of moderate strength
2.1. Hartmann velocity derivation
The partial derivatives ∂u∂x and
∂w
∂z are assumed to be equal to zero. Hence from the continuity
equation (6.1), v = 0. To be consistent with the long scale boundary layer solution, pressure should
drop in the direction of the flow, that is
dp
dx
= −1 =⇒ p = P0 − x.
Hence, the x-momentum equation (6.2) reduces to
1 +Ha2Rm−1
∂Bx
∂y
+ uyy = 0. (.32)
The y-momentum equation (6.3) reduces to
−∂p
∂y
−Ha2Rm−1
(
Bx
∂Bx
∂y
+Bz
∂Bz
∂y
)
= 0
=⇒ p =P0 − x−Ha2Rm−1
(
B2x
2
+
B2z
2
)
.
(.33)
The z-momentum equation (6.4) reduces to
Ha2Rm−1
∂Bz
∂y
+ wyy = 0. (.34)
The x-induction equation (6.5) becomes
uy +Rm
−1∂2Bx
∂y2
= 0. (.35)
The y-induction equation (6.6) becomes
Rm−1
∂2By
∂y2
= 0. (.36)
Along with the boundary conditions By = 1 at y = 0, 1, we get By = 1 which is true.
The z-induction equation (6.7) becomes
wy +Rm
−1∂2Bz
∂y2
= 0. (.37)
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The equations (.34) and (.37) are satisfied by w = 0 and Bz = 0. Thus (.33) becomes:
p = P0 − x−Ha2Rm−1B
2
x
2
.
Now, as (.35) is integrated we get
u = C1 −Rm−1∂Bx
∂y
. (.38)
Substituting this into (.32) we get
1 +Ha2Rm−1
∂Bx
∂y
−Rm−1∂
3Bx
∂y3
= 0
=⇒ Ha2Bx − ∂Bx
∂y
+Rmy = C2,
(.39)
solution of which is given by
Bx = Ha
−2C2 −Ha−2Rmy + C3exp(Hay) + C4exp(−Hay), (.40)
using particular solution method. Using the boundary conditions Bx = 0 at y = 0, 1, we get
Ha−2C2 + C3 + C4 = 0, (.41)
Ha−2C2 −Ha−2Rm+ C3exp(Ha) + C4exp(−Ha) = 0. (.42)
Substituting the value of Bx in (.38) gives:
u = C1 +Ha
−2 − C3HaRm−1exp(Hay) + C4HaRm−1exp(−Hay), (.43)
which on applying no-slip conditions gives
C1 +Ha
−2 − C3HaRm−1 + C4HaRm−1 = 0, (.44)
C1 +Ha
−2 − C3HaRm−1exp(Ha) + C4HaRm−1exp(−Ha) = 0. (.45)
Solving the above equations give:
C1 = −Ha2 + Ha
−1
2
(
1
1− exp(−Ha) −
1
1− exp(Ha)
)
,
C2 =
Rm
2
(
1
1− exp(−Ha) +
1
1− exp(Ha)
)
,
C3 = − Ha
−2Rm
2(1− exp(Ha)) ,
C4 = − Ha
−2Rm
2(1− exp(−Ha)) .
(.46)
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Hence the Hartmann solution, thus obtained from (.43) is:
u =
1
2Ha
(
exp(Hay)− 1
1− exp(Ha) +
1− exp(−Hay)
1− exp(−Ha)
)
.
2.2. Hartmann velocity for Ha→∞
The behaviour of the upstream Hartmann velocity as the Hartmann number Ha→∞ is found
by taking a limit of the velocity
lim
Ha→∞
u = lim
Ha→∞
U0(y)
= lim
Ha→∞
1
2Ha
[
eHay − 1
1− eHa +
1− e−Hay
1− e−Ha
]
= lim
Ha→∞
1
2Ha
[
(1 + e−Ha − e−Ha(1−y) − e−Hay)(1− e−Ha)−1
]
= lim
Ha→∞
1
2Ha
[
(1 + e−Ha − e−Ha(1−y) − e−Hay)(1 + e−Ha + e
−2Ha
2
+ ...)
]
= lim
Ha→∞
1
2Ha
[
1− e−Hay − e−Ha(1−y) + 2e−Ha + ...
]
= lim
Ha→∞
1
2Ha
− e
−Hay + e−Ha(1−y)
2Ha
+ ...
This shows that U0(y) is similar to 1/(2Ha) which tends to 0 as Ha→∞. Behavior of its derivative
is given by
lim
Ha→∞
U ′0(y) = lim
Ha→∞
1
2
[
eHay
1− eHa +
e−Hay
1− e−Ha
]
= lim
Ha→∞
1
2
[
e−Ha(1−y)
e−Ha − 1 +
e−Hay
1− e−Ha
]
= lim
Ha→∞
1
2
[
(e−Hay − e−Ha(1−y))(1 + e−Ha + e
−2Ha
2
+ ...)
]
= lim
Ha→∞
1
2
[
e−Hay − e−Ha(1−y) + e−Ha(y+1) − e−Ha(2−y) + ...
]
= 0
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and its square is
lim
Ha→∞
U20 = lim
Ha→∞
1
4Ha2
[
1− 2e−Hay − 2e−Ha(1−y) + ...
]
∴
∫ y
0
U20 ds = lim
Ha→∞
1
4Ha2
[
y − 2
Ha
+
2
Ha
e−Hay − ...
]
2.3. Scaled Hartmann velocity
In the lower Hartmann layer, the normal co-ordinate scales like O(Ha−1), which is its thickness.
Hence y = 1Ha y¯. Therefore the upstream Hartmann velocity in the Hartmann layers is given by
u = U0(y;Ha)
=
1
2Ha
[
eHay − 1
1− eHa +
1− e−Hay
1− e−Ha
]
=
1
2Ha
 ey¯ − 1
1− eHa +
1− e−y¯
1−*
0
e−Ha

=
1
Ha
2





*0
ey¯ − 1
eHa(
* 0
e−Ha − 1)
+ (1− e−y¯)

=
1
Ha
2
(1− e−y¯)
=
1
Ha
U¯0
where U¯0 =
1
2(1− e−y¯).
2.4. Obtaining leading order equations
In the lower wall layer, the scales are:
(x, y) = (Re1/7Ha−6/7X,Re−2/7Ha−2/7Y ),
(u, v, p) ∼ (Re−2/7Ha−2/7U,Re−5/7Ha2/7V,Re3/7Ha−4/7P1) + ...,
Bx ∼ Re−4/7Ha−4/7BX + ...,
By ∼ 1 +Re−1BY + ...
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These scales are substituted in the governing equations, and every term is tracked to obtain the
leading order terms. Thus the leading order equations are obtained. The method is illustrated
below for x-induction equation.
u
∂Bx
∂x︸ ︷︷ ︸
(I)
+ v
∂Bx
∂y︸ ︷︷ ︸
(II)
= Bxux︸ ︷︷ ︸
(III)
+Byuy︸ ︷︷ ︸
(IV)
+Rm−1[
∂2Bx
∂x2︸ ︷︷ ︸
(V)
+
∂2Bx
∂y2︸ ︷︷ ︸
(VI)
]
=⇒ Re
−2/7Ha−2/7 ∗Re−4/7Ha−4/7
Re1/7Ha−6/7
U
∂BX
∂X
+
Re−5/7Ha2/7 ∗Re−4/7Ha−4/7
Re−2/7Ha−2/7
V
∂BX
∂Y
=
Re−4/7Ha−4/7 ∗Re−2/7Ha−2/7
Re1/7Ha−6/7
BXUX + (1 +Re
−1BY ) ∗ UY
+Rm−1Re−4/7Ha−4/7
[
Re−2/7Ha12/7
∂2BX
∂X2
+Re4/7Ha4/7
∂2BX
∂Y 2
]
The above equation after simplification becomes
Re−1[U
∂BX
∂X
+ V
∂BX
∂Y
] =Re−1BXUX + UY +Re−1BY UY
+Rm−1
[
Re−6/7Ha8/7
∂2BX
∂X2
+
∂2BX
∂Y 2
]
Of all the terms, the leading order terms are the (IV) and (VI) terms which are of order one. The
other terms are all neglected since they are smaller than one. Hence the leading order x-induction
equation is:
Rm−1
∂2BX
∂Y 2
+ UY = 0
=⇒ BX = Rm
(
c1Y −
∫ Y
0
U ds
)
The far-field condition re-written becomes U − λA− λY → 0 as Y →∞. This implies
BX = Rm((c1 − λA)Y − λY
2
2
−
∫ Y
0
(U − λA− λY ) ds
∴ Bx ∼ Re−4/7Ha−4/7Rm
[
(c1 − λA)Y − λY
2
2
−
∫ Y
0
(U − λs− λA) ds)
]
+ ...
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In the lower Hartmann layer, the leading order x-induction equation is
Rm−1
∂2B¯X
∂y¯2
+ U¯ ′0 = 0
=⇒ B¯X = Rm
[
(c¯1 − λ)y¯ − c¯2 −
∫ y¯
0
(U¯0 − λ) ds)
]
=⇒ Bx ∼ Ha−2Rm
[
(c¯1 − λ)y¯ − c¯2 −
∫ y¯
0
(U¯0 − λ) ds)
]
+ ...
The unknowns c1, c¯1 and c¯2 are obtained from the matching between the lower wall layer and
Hartmann layer. Matching LWL - LHL gives:
lim
Y→∞
Re−4/7Ha−4/7Rm
[
(c1 − λA)Y − λY
2
2
−
∫ Y
0
(U − λs− λA) ds)
]
+ ...
= lim
y¯→0
Ha−2Rm
[
(c¯1 − λ)y¯ − c¯2 −
∫ y¯
0
(U¯0 − λ) ds)
]
+ ...
=⇒ Re−4/7Ha−4/7
[
(c1 − λA)Re2/7Ha−5/7y¯ − λRe4/7Ha−10/7 y¯
2
2
]
+ ...
= Ha−2
[
(c¯1 − λ)y¯ − c¯2 −
∫ y¯
0
(U¯0 − λ) ds)
]
+ ...
=⇒ Re−2/7Ha−9/7(c1 − λA)y¯ −Ha−2 y¯
2
4
+ ...
= Ha−2
[
(c¯1 − λ)y¯ − c¯2 −
∫ y¯
0
(U¯0 − λ) ds)
]
+ ...
=⇒ c¯1 = 0 = c¯2
∴ Bx ∼ Ha−2Rm
[
−λy¯ − ∫ y¯0 (U¯0 − λ) ds)]+ ... in lower Hartmann layer and
Bx ∼ Re−47 Ha−47 Rm
[
(c1 − λA)Y − λY 22 −
∫ Y
0 (U − λs− λA) ds)
]
+ ... in lower wall layer.
3. MHD flow with strong magnetic field strength
3.1. Free Interaction Analysis
The perturbed lower wall layer variables are
(U, V, P1) ∼ (λY, 0, 0) + (up(Y ), vp(Y ), pp)eθX +O(θ2),
A ∼ apeθX +O(θ2),
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where ap = ±1. The perturbation solutions are
up = C1
∫ Y
0
Ai (ms) ds = C1f
′
1(Y ),
vp = −θC1f1(Y ),
pp =
C1m
θ
Ai ′(0),
ap =
C1
3mλ
,
where m = (λθ)1/3. Similarly, in the upper wall layer, the solutions are
u˜p = C˜1f˜
′
1(Y˜ ),
v˜p = −θC˜1f˜1(Y˜ ),
p˜p =
C˜1m
θ
Ai ′(0),
bp =
C˜1
3mλ
.
From the two systems, we get the relation between ap and bp:
ap
bp
=
C1
C˜1
.
In the core, the perturbed pressure is P ∼ pc(y)eθX + O(θ2). The amplitude pc satisfies the
equation
p′′c + θ
2pc = 0,
which has the solution pc(y) = d1 cos (θy) + d2 sin (θy) with derivative p
′
c(y) = −θd1 sin (θy) +
θd2 cos (θy). From the boundary conditions, the constants d1 and d2 are obtained
pc(0) = d1 = pp =
C1m
θ
Ai ′(0),
pc(1) = d1 cos (θ) + d2 sin (θ) = p˜p =
C˜1m
θ
Ai ′(0),
p′c(0) = θd2 =
θ2
4H2
ap,
p′c(1) = −θd1 sin (θ) + θd2 cos (θ) = −
θ2
4H2
bp.
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Linearizing the equation A + B = 4H2
∫ 1
0 p1(X, s) ds and using the form of pc, another relation
between ap and bp
ap + bp =
4H2
θ
[d1 sin (θ)− d2( cos (θ)− 1)]
is obtained. Substituting the values of d1 and d2 in the boundary conditions at y = 1 and further
simplification leads to the following equations
cos (θ) +
θ2ap
4H2C1mAi
′(0)
sin (θ) =
bp
ap
4H2C1mAi
′(0)
θ2ap
sin (θ)− cos (θ) = bp
ap
bp
ap
=
6H2m2
θ2
Ai ′(0) sin (θ)− cos (θ)
Let r = 4H
2C1mAi
′(0)
θ2ap
= 6H
2m2 Ai ′(0)
θ2
. Hence the above two equations become
cos (θ) +
1
r
sin (θ) =
bp
ap
r sin (θ)− cos (θ) = bp
ap
Solving the two equations simultaneously gives
2 cos (θ) = (r − 1
r
) sin (θ)
=⇒ tan (θ) = 2r
r2 − 1
Inserting the value of r into the above equation leads to the dispersion relation
tan (θ) =
12H2 Ai ′(0)θ
4
3
36
2
2
3
H4( Ai ′(0))2 − 2 23 θ 83
=⇒ 2 23 θ 83 + 12H2 Ai ′(0)θ 43 cot (θ) = 36
2
2
3
H4( Ai ′(0))2
3.1.1. Connection between MHD flows with moderate magnetic fields strength and
strong magnetic field
In order to find a connection between the flow structures, the growth constant θ is assumed to
be proportional to O(Hn) or in other words, θ = Hnθ˜. θ˜ is of O(1). This relation is substituted
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into the dispersion relation to get
2
2
3H8n/3θ˜8/3 + 12 Ai ′(0)H
4n
3
+2θ˜4/3
[
H−n ˜θ−1 − H
nθ˜
3
− H
3nθ˜3
45
− ...
]
=
36
22/3
H4( Ai ′(0))2
=⇒ 22/3H8n/3θ˜8/3 + 12 Ai ′(0)H n3 +2θ˜1/3
[
1− H
2nθ˜2
3
− H
4nθ˜4
45
− ...
]
=
36
22/3
H4( Ai ′(0))2
=⇒ 22/3H( 8n3 −4)θ˜8/3︸ ︷︷ ︸
(I)
+ 12 Ai ′(0)H(
n
3
−2)θ˜1/3︸ ︷︷ ︸
(II)
[
1− H
2nθ˜2
3
− H
4nθ˜4
45
− ...
]
=
36
22/3
( Ai ′(0))2︸ ︷︷ ︸
(III)
The powers of H are compared to obtain the value of n:
(I) ∼ (II)
=⇒ 8n
3
− 4 = n
3
− 2
=⇒ n = 6
7
Substituting this value back in the dispersion relation gives:
22/3θ˜8/3H−12/7 + 12 Ai ′(0)θ˜1/3H−12/7 − ... = 36
22/3
( Ai ′(0))2
=⇒ 22/3θ˜8/3 + 12 Ai ′(0)θ˜1/3 = 0 (∵ H → 0)
=⇒ θ˜ = 2(−1.5 Ai ′(0))3/7
which matches the eigenvalue, θ, of MHD flow with moderate magnetic field strength.
4. Connection between hydrodynamic flow structure and MHD flow structure
with finite and moderate Ha
In Smith’s 77 flow structure, the pressure-displacement interaction is P˜1 = P (X) + κA
′′(X)
where κ =
∫ y
0 U
2
0 ds. In the MHD flow, the κ is given by
κ =
∫ y
0
U20 ds
=
∫ y
0
(
1
2Ha
[
exp(Has)− 1
1− exp(Ha) +
1− exp(−Has)
1− exp(−Ha)
])2
ds
= csch 2
(
Ha
2
)[
Ha(2 + cosh (Ha))− 3 sinh (Ha)
8Ha3
]
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The limiting values of κ are
lim
Ha→0
κ =
1
120
,
lim
Ha→∞
κ ∼ 1
4Ha2
→ 0
Hence it is seen that as Ha → 0, the pressure-displacement interaction in Smith’s 77 structure is
restored. Similarly, this result can be shown for the linear free interaction as well. The perturbed
variables in the wall layers are
(P˜1, P,A) = (p˜p, pp, ap)e
θX + ...
Hence the cross-channel pressure -displacement equation becomes
p˜p = pp + θ
2κap
From section 1., the interaction is simplified to
θ7/3 = −3 Ai
′(0)
22/3κ
Let θ ∼ θ1Hap + ... for Ha→∞.
Substituting into the pressure-displacement equation gives
p˜p = pp +
θ2ap
4Ha2
=⇒ θ7/3 = −3 Ai
′(0)
22/3
4Ha2
=⇒ θ7/31 Ha7p/3 + ... = −
3 Ai ′(0)
22/3
4Ha2
=⇒ 7p
3
= 2 =⇒ p = 6
7
and θ1 = 1.33...
∴ θ ∼ θ1Ha6/7
which agrees with the eigenvalue of the MHD flow with moderate magnetic field strength.
5. H → 0 limit of MHD flow with strong magnetic field strength
In the free interaction of MHD flow structure with strong magnetic field strength, it was found
that θ ∼ θ˜H 67 where θ˜ matches with the corresponding θ value of MHD flow with moderate magnetic
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field strength. Hence in the structure with strong magnetic field,
eθX = eθ˜H
6/7X = eθ˜Xˆ
Here the stream-wise scale is
Xˆ = H6/7X
=⇒ X = H−6/7Xˆ
which means as H → 0 in the structure with strong magnetic field, the X−scale has to expand as
H
−6
7 which is similar to the MHD flow with moderate magnetic field strength.
This deduction can also be found from the equation systems. In the lower wall layer, the
equation system is
UX + VY = 0,
UUX + V UY = −P1X(X) + UY Y ,
with the no-slip conditions U(X, 0) = V (X, 0) = 0 and the far-field condition U → λ(Y +A(X)) as
Y →∞. Let X = H−pX˘ where p > 0. This implies scale lengthening in the stream-wise direction
x = X = H−pX˘. To maintain the wall layer interaction, the other scales also need to change:
Y = H−p/3Y˘ , U = H−p/3U˘ , V = Hp/3V˘ , P1 = H−2p/3P˘1, A = H−p/3A˘
Substituting the expansions into the lower wall layer equation system gives
U˘X˘ + V˘Y˘ = 0,
U˘ U˘X˘ + V˘ U˘Y˘ = −P˘1X˘(X˘) + U˘ ˘Y Y ,
with boundary conditions U˘(X˘, 0) = V˘ (X˘, 0) = 0 and U˘ → λ(Y˘ + A˘(X˘)) as Y˘ →∞.
In the lower Hartmann layer, the perturbation velocities become u¯1 = H
−p/3 ˘¯u1, v¯1 = H2p/3 ˘¯v1.
In the core, they are u1 = H
(−p−3)/3u˘1, v1 = H(2p−3)/3v˘1, P = H(2−p)/3. Hence, the core equation
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becomes:
PXX + Pyy = 0
=⇒ H
(2−p)/3
H−2p
P˘X˘X +H
−2p/3P˘yy = 0
=⇒ P˘yy = 0
The displacement relation becomes:
A+B = 4H2
∫ 1
0
P (X, s) ds
=⇒ H−p/3(A˘+ B˘) = 4H(6−2p)/3
∫ 1
0
P˘ (X˘, s) ds
=⇒ A˘+ B˘ = 0
which holds in MHD flow with moderate magnetic field strength. In order to calculate the value
of the exponent, p, the interface condition is used
Py(X, 0) =
H−2A′′
4
=⇒ H−2p/3 = H
−2H−p/3
H−2p
=⇒ p = 6
7
Therefore, the stream-wise length scale is x = H−6/7X˘ which matches the steam-wise scale of MHD
flow with moderate magnetic field strength.
5.1. H →∞ limit of MHD flow with strong magnetic field strength
The dispersion relation is a quadratic equation in H2, and four values of H are found:
36
22/3
( Ai ′(0))2H4 − 12 Ai ′(0)θ¯4/3 cot (θ¯)H2 − 22/3θ¯8/3 = 0
=⇒ H2 = 2
2/3 ¯θ4/3( cot (θ¯)± csc(θ¯))
6 Ai ′(0)
=⇒ H = ± 2
1/3√
6 Ai ′(0)
θ¯2/3
√
cot
(
θ¯
2
)
,± 2
1/3i√
6 Ai ′(0)
θ¯2/3
√
tan
(
θ¯
2
)
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As H →∞ the solutions θ¯2/3
√
cot
(
θ¯
2
)
, θ¯2/3
√
tan
(
θ¯
2
)
→∞. This implies cot
(
θ¯
2
)
, tan
(
θ¯
2
)
→
∞, that is, θ¯2 → npi2 or θ¯ → npi.
